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To the Teacher 

This is an introductory book on mathematical analysis covering derivatives and 
their applications. The student should already be familiar with the concept of 
functions and limits in order to succeed in learning the material in this book. This 
book is divided into two chapters, structured as follows: 

Chapter 1 covers differentiation. The first section of this chapter provides a basic 
introduction to derivatives with the help of tangents and velocity. In the second 
section we discuss techniques of differentiation which will be vital in the 
remaining part of the book. The last section discusses further rules of 
differentiation of elementary functions. 

Chapter 2 builds on the material of the previous chapter and covers applications 
of derivatives. Sections discuss the applications in calcidation of limits, 
analyzing functions, optimization problems and curve plotting in order. 

With the help of effective colors, illustrations and pictures, visualization of the 
material is effectively improved to aid in students' understanding, especially the 
examples and the graphs. The book follows a linear approach, with material in the 
latter sections building on concepts and math covered previously in the text. For this 
reason there are several self-test 'Check Yourself ' sections that check students' 
understanding of the material at key points. 'Check Yourself' sections include a 
rapid answer key that allows students to measure their own performance and 
understanding. Successful completion of each self-test section allows students to 
advance to the next topic. Each section is followed by a number of exercises. Many 
of the problems reflect skills or problem-solving techniques encountered in the 
section. All of these problems can be solved using skills the student should already 
have mastered. Each chapter ends with review materials, beginning with a brief 
summary of the chapter highlights. Following these highlights is a concept check test 
that asks the student to summarize the main ideas covered in the chapter. Following 
the concept check, review tests cover material from the chapter. 
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To the Student 


This book is designed so that you can 
use it effectively. Each chapter has its 
own special color that you can see at the 
bottom of the page. 

Diffei'ent pieces of information in this 
book are useful in different ways. Look at 
the types of information, and how they 
appear in the book: 


Note 

fTo differentiate a function conta 
v»sgssi Qn intQM gxponential form, a 


Notes help you focus on important details. When you 
see a note, read it twice! Make sure you understand it. 


Example 


^ A particle i 


$(jc) is meas 



Definition boxes give a formal description of a 
new concept. Notation boxes explain the 
mathematical way of expressing concepts. 
Theorem boxes include propositions that can be 
proved. The information in these boxes is very 
important for further understanding and for 
solving examples. 


Examples include problems and their solution along 
with an explanation, all of which are related to the 
topic. The examples are numbered, so you can find 
them easily in the book. 


Check Yourself sections help you check your 
understanding of what you have just studied. 
Solve them alone and then compare your 
answers with the answer key provided. If your 
answers are coirect, you can move on to the next 
section. 

























A small notebook in the left or right margin of a gage 
reminds you of material that is related to the topic you 
are studying. Notebook text helps you to remember the 
math you need to understand the material. It might 
help you to see your mistakes, too! Notebooks are the 
same color as the section you are studying. 


A quadratic equation has 
two solutions wiien 
A> 0. 

\ one solution when 


Special windows highlight important new information. 
Windows may contain formulas, properties, or solution 
procedures, etc. They are the same color as the color of the 
section. 


nur^ 1 - 


Exercises at the end of each section cover the 
material in the whole section. You should be able 
to solve all the problems without any special 
symbol, (o) next to a question means the question 
is a bit more difficult, (oo) next to a question 
means the question is for students who are 
looking for a challenge! The answers to the 
exercises are at the back of the book. 


A. Intervals of Increase 


1. You are given the graj 
Determine, nihnm^ 


The Chapter Summary summarizes all the important 
material that has been covered in the chapter. The 
Concept Check section contains oral questions. In order 
to answer them you don't need a paper or pen. If you 
answer Concept Check questions correctly, it means you 
know that topic! The answers to these questions are in 
the material you studied. Go back over the material if 
you are not sure about an answer to a Concept Check 
question. Finally, Chapter Review Tests are in increasing 
order of difficulty and contain multiple choice questions. 
The answer key for these tests is at the back of the book 


does LHospital’s Rule say? 
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INTRODUCTION 

Everything is changing around us and we need a language to 
describe this changing world. How fast and in which direction is 
the change occurring? Derivatives help us to answer these 
questions by telling the rate of change. 

The history of calculus (derivatives) is an interesting story of 
personalities, intellectual movements, and controversy Before the 
time of Greek scientists, Archimedes was concerned with the 
problem of finding the unique tangent line to a given curve at a 
given point on the curve. At that time the mathematicians knew 
how to find the line tangent to a circle using the fact that the 
tangent line is perpendicular to the radius of circle at any given 
point. They also discovered how to construct tangent lines to other particular curves 
such as parabolas, ellipses, and hyperbolas. 

The problems of motion and velocity are basic to our 
understanding of derivatives today. Derivatives originated with 
Aristotle’s (384-322 B.C) study of physics. The problems of motion 
are closely associated with the ideas of continuity and the infinity 
(infinitely small and infinitely large magnitudes). 

.Although calculus has been “a dramatic intellectual 
struggle which has lasted for 2500 years”, the 
credit for its invention is given to two mathematicians: 

Gottfried Wilhelm Leibniz (1646-1716) and Isaac 
Newton (1646-1716). Newton developed calculus 
first, but he did not publish his ideas for various reasons. This 
allowed Leibniz to publish his own version of calculus first, in 1684. 

Fifteen years later, controversy erupted over who should get the 
credit for the invention of calculus. The debate got so heated that 
the Royal Society set up a commission to investigate the question. 

The commission decided in favour of Newton, who happened to be 
president of the society at the time. The consensus today is that 
each man invented calculus independently. So both of them 
deserve the credit as an inventor of calculus. 








Many famous mathematicians, such as Joseph Louis Legrange and 
Augustin Louis Cauchy, went on to study calculus further. 
Lagrange went on to study a purely algebraic form of the derivative 
whereas Cauchy went on to find the derivatives of functions, 
giving the modern definition of derivatives as w 7 ell as introducing 
the chain rule, all of which will be dicussed further in detail in this 
book. 

Today, derivatives and its applications in everday life, from physics 
and chemistry to technology engineering, economics and other 
sciences, are one of the most important and most useful areas of 
mathematics. New r applications are always being devised and 
applied to our modern world. 



























INTRODUCTION TO DERIVATIVES 


A. TANGENTS 



a tangent line to a curve 



b fc > V 


The slope of the line is 
the tangent of the angle 
between the line and the 


positive v-axis. 



positive negative 

slope slope 


H. 


zero no 

slope slope 


The word ‘tangent’ comes from the Latin word tangens , which means ‘touching’. Thus, a 
tangent line to a curve is a line that “just touches” the curve. In other words, a tangent 
line should be parallel to the curve at the point of contact. How can we explain this idea 
clearly? Look at the figures below. 





As we zoom in to the curve near the point A, the curve becomes almost indistinguishable from 
the tangent line. So, the tangent line is parallel to the curve at the point A. 

How can we find the equation of a tangent to a curve at a given point? The graphs below 
show one approach. 




The first graph shows the curve y = fix). The points A (a,/(a)) and B (x, fix)) are two points on 
this curve. The secant line AB has slope ra^, where 

ir _m-m 

m AB ~ 

x-a 

Now suppose that we want to find the slope of the tangent to the curve at point A. The 
second graph above shows what happens when we move point B closer and closer to 
point A on the curve. We can see that the slope of the secant line AB gets closer and 
closer to the slope of the tangent at A (line t). In other words, if m is the slope of the 
tangent line, then as B approches A, m AB approaches m. 
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Definition 


Solution 


C C C C C 

The equation of a line 
through the point (x v z/ t ) 
with slope m: 

y-y, = m(x-x,). 


+V 


Solution 


re- eccc 

x 3 + y 3 =(x+ y)(x 2 -xy+y 2 ) 


tangent line 

The tangent line to the curve y = f(x) at the point A(a, /(a)) is the line through A with the 
slope 


m = lim^-^— 


x-a 


pro\ided that this limit exists. 


Find the equation of the tangent line to the curve y = x 2 at the point A(l, 1). 

We can begin by calculating the slope of the tangent. 

Here we have a = 1 and f(x) = x 2 , so the slope is 

v /( x )“/( 1) i. x 2 -1 

772 = = lim- 

x-* 1 x-1 x-l 

m = li m ^zlK^±T = Jim (x + 1) = 1 + 1 = 2. 

*-»i (x-l) **i' 

Now we can write the equation of the tangent at point (1, 1): 
y-y =m(x-x x ) 
y- 1 = 2(x - 1) 
y = 2x - 1. 


Find the equation of the tangent line to the curve y = x 3 - 1 at the point (-1, -2). 


Here we have a = -1 and f(x) = x 3 - 1, so the slope is 




m = lim 

X -+-1 


x-(-l) 

(x + l)(x 2 -x + l) 


x + 1 


x + 1 


(x + 1) 


m = lim(x 2 - x +1) = (-1) 2 - (-1) +1 

X -+-1 

m = 3. 


So the equation of the tangent line at (-1, -2) with slope m = 3 is 
y-y, = m(pc - x,) 
y - (-2) = 3(x - (-1)) 
y + 2 = 3x + 3 
y = 3x + 1. 


Differentiation 


3 
























We can also write the expression for the slope of a tangent line in a different way. Look at the 
graphs below. 




From the first graph, writing x = a + h gives us the slope of the secant line 

_ f(a + h)-f(a) 

™ AB " h 

We can see in the second graph that as x approaches a, h approaches zero. So the 
expression for the slope of the tangent line becomes: 

hffl. 

h-+0 h 



Find the equation of the tangent line to the curve y = x* at the point (-1, -1). 


Solution 


c c e cci 

(x+y) 3 =x 3 +3x 1 y+3xy 2 +y z 


Let f(pc) = x 3 . Then the slope of the tangent at (-1, -1) is 

k-* o h h ~*° h 

Tr.-Iim ( ~ 1)3 + 3( ~ 1)2fe+3( ~ 1)fe2+fe3 ~ ( ' 1)3 
h ~*° h 


|. h(3-3h + h 2 ) 2 

m = lim^-- = lim(3-3fe+ h) = 3. 

h->0 h h—>0 

So, the equation of the tangent at point (-1, -1) is 


2/-(-l) =3(x —(-1)) 
y + 1 = 3x + 3 
y = 3x + 2. 
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Solution 


m n m l — -1 

The product of slopes of 
the tangent line and the 
normal line at a point 
equals -1. 


Find the equation of the normal line to the curve y = — at the point (2, 1). 

x 


Recall that a normal line is a line which is perpendicular to a tangent. The product of the 
slopes m t of a tangent and ra n of a normal is -1. 

Let us begin by finding the slope of the tangent. 


m. = lim 

1 ft—»o 

m t = lim 

1 ft-> 0 


/(2 + ft) ~ /(2) _ jjjrc 2.±ft 2 =]im 

h ft—»o ]i ft—>o 

2-(2 + ft) v -h v -1 

---- = lim-= lim- 

/z(ft + 2) *-»o + 2) ^0 2 + h 



h 


m, = 


1 

2 ' 


We have m t ■ m n = —1. 


So, = 


-1 


m. 



2 . 


The equation of the normal line passing through the 
point (2, 1) with the slope m, = 2 is 

y-y, = 


y - 1 = 2(x - 2) 
y = 2x -3. 



Check Yourself 1 

1. Find the equation of the tangent line to each curve at the given point P. 

a. f(x)=x 2 -l P(-1,0) 

b. /(x) = x 3 + 1 P(0, 1) 

= i 4 2 ) 

2. Find the equation of the normal line at point P for each curve in the previous question. 

Answers 

1. a. y = -2x - 2 b. y = 1 c. y = -Ax + 4 

2. a. y = —x + — b. x = 0 c. y = i. x + — 

2 2 4 8 


Diffcnntia/inn 
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B. VELOCITIES 



Imagine you are in a car driving 
across a city. The velocity of the car 
will not be constant. Sometimes 
the car will travel faster, and 
sometimes it will travel slower. 

However, the car has a definite 
velocity at each moment. This is 
called the instantaneous velocity of 
the car. How can we calculate the 
instantaneous velocity? 


position at position at 

time t = 2 time l = 2+/z 



S(2 + h) - S(2) 


S(2) 


S(2+/?) 


To answer this question, let us look at a simpler example: the motion of an object falling 
through the air. Let g = 9.8 m/s 2 be the acceleration of the object due to gravity. We know 
from physics that after t seconds, the distance that the object will have fallen is 


s(t) = — gt 2 meters 
2 


or s(t) = 4.9 t 2 meters. 


Suppose we wish to calculate the velocity of the object after two seconds. We can begin by 
calculating the average velocity over the time interval [2, 2 + h]: 


average velocity = 


distance travelled 
elapsed time 


- - a2 + t >-«g> = **■* + * + * -4) . 19 . 6 + 4 .9t 
h h 


If we shorten the time period, the average velocity is becoming closer to 19.6 m/s, the value 
of instantaneous velocity. 


More generally, we can calculate the instantaneous velocity V(a ) 
of an object at time t = a by the limit of the average velocities: 

s(a + h)-s(a) 


V(a) = lim- 


h 


This is not the first time we see the above formula. It is the 
same formula that w r e use for the slope of the tangent line to a 
curve. Remember that 


m - lim 


f(ci + h)-f{a ) 


This means that the velocity at time t — a is equal to the slope 
of the tangent line at A(a, $(a)). 
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A stone is dropped from the top of the Eiffel Tower. What is the velocity of the stone after five 
seconds? 


Solution 


We use the equation of motion s(£) = 4.9£ 2 to find the 
velocity V after five seconds: 


V(5) = lim= lim 4-9(5 + ft) 2 -4.9(5)* 
h ~>° h h ^° h 


= ^ 4.9(25+ 10ft+ft 2 -25) = Um 4.9(10fe+ ft 2 ) 
k -* 0 h h ^° h 


V(5) = lim 4 - 9/z(10 + /? ) = ii m ( 4 g + 4.9h) = 49 m/s. 

ft->0 fi /?-> 0 




A particle moves along a straight line with the equation of motion s(t) = t 1 + 3t + 1, where 
s(t) is measured in meters and t is in seconds. 


a. Find the average velocity over the interval [1, 2]. 

b. Find the instantaneous velocity at t = 2. 


a. Average velocity is the ratio of distance travelled to elapsed time. So, w T e have 

i s(2) — -s(l) (2 2 T 3 *2 +1) — (1~ 4- 3 T +1) n . 

average velocity = —— = --—--- = 6 m/s. 

• 2-1 1 

b. Let V(2) be the velocity after two seconds. 

T(2) - lim S(2 + fe) ~ S(2) - lim (/z + 2) ' + 3 +2 > +1 "l 2 ' + 3 ' 2 +1 1 

h fe-*o h 


k^O 


i* ^ +4/z + 4 + 3/i + 6 + l —11 h +7 h fU „ . 

V(2) = lim-=lim-= lim(/z+7) = 7 m/s. 

h-> 0 fa h-> 0 fa h-> 0 



Check Yourself 2 

1. A basketball player throws a ball upward at a speed of 20 m/s. This means that after t 
seconds, the ball’s height will be s(t) = 20 1 - 4.9 1 2 . 

a. Find the average velocity of the ball over the interval [1, 2], 

b. Find the instantaneous velocity of the ball after two seconds. 

2. The displacement of a particle moving in a straight line is given by the equation of motion 
s(t) = 21 3 + 3t - 2, where t is measured in seconds and s(t) is in meters. 

a. Find the average velocity of the particle over the following intervals.^ 
i. [1,3] ii. [1,4] iii. [2,4] 

b. Find the instantaneous velocity' of the particle at each time, 
i. t = 2 ii. t = 3 iii. t = 4 


Answers 

1. a. 5.3 m/s b. 0.4 m/s 2. a. i. 29 m/s ii. 45 m/s iii. 59 m/s b. i. 27 m/s ii. 57 m/s iii. 99 m/s 


Differmtiniio/i 


1 


















C. RATES OF CHANGE 


In we learned how to find the slope of a tangent line and In we learned 

how to calculate the Instantaneous velocity of an object from a given acceleration. We can 
say that acceleration is a rate of change: it shows how fast or slowly a quantity (the velocity) 
changes from one moment to the next. Other examples of rates of change are how fast a 
population grows, or how fast the temperature of a room changes over time. 

The problem of finding a rate of change is mathematically equivalent to finding the slope of 
a tangent line to a curve. To understand why, suppose y is a quantity that depends on 
another quantity x. Thus, y is the function of x and we write y = /(x). 

Look at the graph of /(x). If x increases by an amount h, then y increases by f(x 4- h ) -/(x). 



respect to x over the interval [x, x + h] and can be interpreted as the slope of the secant line 
AB. If we take the limit of the average rate of change, then we obtain the instantaneous rate 
of change of y with respect to x, which is interpreted as the slope of the tangent line to the 
curve y = f(x) at A(x, f(x)). 

The following summarizes this part: 
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A student begins measuring the air temperature in a room at eight o’clock in the morning. 

2 

She finds that the temperature is given by the function /(t) = 16 + — t 2 °C, where t is in 

3 

hours. How fast was the temperature rising at 11:00? 

We are being asked to find the instantenous rate of change of the temperature at 
t = 3, so we need to find the following limit: 


, , , v /(3 + fc)-/(3) 

rate of change = lim —--— 

16 + |(3 + fc) 2 -(16 + |(3) 2 ) 

= lim- - - - - 

fc - >0 h 

16 + |-(9 + 6fe+/i 2 )-16---9 
= lim--- - — 

h->o h 


—(9 + 6 h + h~ — 9) 

lim—- 

h—>0 h 


= lim 2fe ( 6 + fe ) 
3 h 


h-^0 


= — lim(6+ h) 

3 

= — ■6 = 4 °C per hour 
3 



A manufacturer estimates that when he produces x units of a certain commodity, he earns 
R(x) = x 2 - 3x - 1 thousand dollars. At w r hat rate is the revenue changing when the 
manufacturer produces 3 units? 


We need to find the instantaneous rate of change of the revenue at x = 3, so 

r , v fl(3 + fc)-R(3) (3+ ft) 2 -3(3+ ft)-l - (3 2 -3 -3 -1) 

rate of change = lim — - - -— = --- 

h h 

v 9 + 6ft + ft 2 -9-3/z .. 3h + h 2 v 0 

= lim-= lim-= lim(3+ h) =3. 

h —>0 fa h—>0 Jj h — >0 

It follows that revenue is changing at the rate of $3000 per unit when 3 units are produced. 


In conclusion, rates of change can be interpreted as the slope of a tangent. Whenever w r e 
solve a problem invoking tangent lines, w r e are not only solving a problem in geometry but 
also solving a great variety of problems in science. 
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D. DERIVATIVE OF A FUNCTION 


f(x -f ft) — f(x) 

Up to now we have treated the expression —--—as a ‘difference quotient’ of the 

ft 

function /(x). We have calculated the limit of a difference quotient as ft approaches zero. 
Since this type of limit occurs so widely, it is given a special name and notation. 


derivative of a function 

The derivative of the function/(x) with respect to x is the function /'(x) (read as “/prime of x”) 
defined by 

f\x) = 

J W *-0 ft 

The process of calculating the derivative is called differentiation. We say that /(x) is 
differentiable at c if/'(c) exists. 

Thus, the derivative of a function/(x) is the function /'(x), which gives 

1. the slope of the tangent line to the graph of/(x) at any point (x,/(x)), 

2. the rate of change of/(x) at x. 


FOUR-STEP PROCESS FOR FINDING f'(x) 


Compute/(x + ft). 


Form the difference f(pc + ft) -/(x). 


Form the quotient ^ 


Compute /'(x) = lim —/( x ) 

J *-x> h 



Find the derivative of the function /(x) = x 2 . 


To find/'(x), w^e use the four-step process: 

1. f(pc + ft) = (x + ft) 2 = x 2 +2 xh + ft 2 

2. /(x + ft) -/(x) = x 2 + 2xh + h 2 - x 2 = 2xft + ft 2 

Q /(x + ft) - /(x) _ 2x/z + ft 2 _ ft(2x + ft) _ + ^ 

ft ft ft 

4. lim(2x + ft) = 2x 

fc->0 

Thus,/'(x) = 2x. 


I )crira(iv<’s 
















is Find the derivative of the function f(pc) = x 2 - 8x + 9 at x = 1. 
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Solution 


We apply the four-step process: 

1. fix + h) = (x + h ) 2 - 8(x + h) + 9 = x' 2 + 2xk + h 2 - 8x - 8h + 9 

2. f(x + h ) -fix) = x 2 + 2 xh + h 2 - 8x -8h + 9- (x 2 - 8x + 9) = 2 xh + h 2 - 8h 

3 fjx + h)- fjx) _ fe 2 + 2 xh - 8 h _ fc ( ^ £ 
h h 

4. = 1 im(/z + 2x-8) = 2x-8 

^—>0 h h -> 0 

So, /'(jc) = 2x - 8 and/'(l) = 2 • 1 - 8 = -6. 

This result tells us that the slope of the tangent line to the graph of fix) at the point x = 1 is 
-6. It also tells us that the function fix) is changing at the rate of -6 units per unit change 
in x at x = 1. 


Let fix) = 

X 

a. Find f'(x). 

b. Find the equation of the tangent line to the graph of f(x) at the point (1, 1). 


m = lto Kx + k) - m =vm x+k 

^ h-> 0 h h^> 0 h h^> 0 h 


li mr_- 


b. In order to find the equation of a tangent line, we 
have to find its slope and one point on the 
tangent line. We know that the derivative gives us 
the slope of the tangent. Let m be the slope of the 
tangent line, then 

m = f'i l) = -^- = -l- 

So, the equation of the tangent line to the graph 
of f(pc) at the point (1, 1) with the slope m = -1 
is 



Dijfavtttialinn 


y- l = —l(x — l) 
y = -x + 2. 
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The function/(x) = Vx is given. Find the derivative of /(x) and the equation of the normal 
line to f(pc ) at the point x — 1. 


Ax) = lim f(X + fe) ~ f(x) = lim JEULzA = hm ( Jx±h^L , + ) 

k-iO h. h->0 h A->0 h ./TTT_L./T 


h 

x + h-x 


■Jx + h + -Jx 


f'(pc )=lim — ,~ v ' - lim — -- - =- 

h(yfx + h + y[x) h(^]x + h + -Jx) 


= lim - - ■= 

h ^° vx + h + \lx 


f\x)= 


1 

2>/x 


Remember that if m, is the slope of a tangent and m„ is the slope of a normal at the same 
point, then m, ■ m„ = -1. So, we can find the slope of the normal from the slope of the 
tangent. Then we can write the equation of normal line to/(x) at the point x = 1. 

The slope of the tangent is 


1 


The slope of the normal is 


1 

2 ’ 


771 „ = ■ 


m l 




The equation of the normal line is 

y - y» = ™-n ■ (* - *o) 

y - 1 = -2(x - 1) (Note that ij„ = ft ij. that is y 0 = f( 1) * 1) 

y = -2x + 3. 


Check Yourself 3 

1. Find the derivative of the function/(x) = 2x + 7. 

2. Let /(x) = 2x 2 - 3x. 

a. Find/'(x). 

b. Find the equation of the tangent line to the graph of /(x) at the point x = 2. 

3. Find the derivative of the function /(x) = x 3 - x. 

4. If /(x) = . I , find the derivative of/(x). 

vx + 2 

Answers 

1.2 2. a. 4x - 3 b. y = 5x - 8 3. 3x 2 - 1 4.- - — l 

2y[(X + Zf 
























E. LEFT-HAND AND RIGHT-HAND DERIVATIVES 


/ tijfwntiulb 


When we were studying limits we learned that the limit of a function exists if and only if the 
left-hand and the right-hand limits exist and are equal. Otherwise the function has no limit. 
From this point, we may conclude that the derivative of a function f(x ) exists if and only if 

f\x')= lim — 1^1 and /'(x + ) = lim + —/CO exist anc j are e q Ua \ 

o- h h 

These expressions are respectively called the left-hand derivative and the right-hand 
derivative of the function. 
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Show that the function/(x) = Vx does not have a derivative at the point x = 0. 


Here we should find the left-hand derivative and the right-hand derivative. If they exist, then 
we will check whether they are equal or not. 

Let us find the left-hand derivative: 


/'(()-)= lim 
0 


f(0 + h)-m _ u _ sjo+h-jo 


= lim 

h—>(J 


= lim —. 
h^o h 


Since h < 0, Jh is undefined and this limit does not exist. So the left-hand deri\aii\e dot- 
not exist either. 

Thus, the function/(x)= Vx has no derivative at the point x = 0. 


g m \x -1, x>l 

j /(x) is given as /(x) = < 

|2x-2, x<l 

Does this function have a derivative at the point x = 1? 

We will find the left-hand and the derivatives. 

, /(l + fc)-/(l> i. 2(1 +/?) -2 -0 .. 2 h 0 

n h h h 

f\r) = lim ISllhlzMl _ i im L L ± ft y = lim - ^ 2h = lim (It +2) = 2. 

A-*0' h h-+ 0* It h-O' fl 

The left-hand and the right-hand derivatives are equal to each other. Thus, the derivative of 
the function at the point x = 1 exists and 

/'(!) =/'(! ) =/' I =2. 
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F. DIFFERENTIABILITY AND CONTINUITY 


Recall that if /'(c) exists, then the function fix ) is differentiable at point c. Similarly, if/(x) 
is differentiable on an open interval (a, b ), then it is differentiable at every number in the 
interval (a, b). 

15 Where is the function fix) = \x\ differentiable? 

We can approach this problem by testing the differentiability on three intervals: 
x > 0, x < 0 and x = 0. 

1. If x > 0, then x + h > 0 and \x + h | = x + h. 

Therefore, for x > 0 we have 



So,/'(x) exists and /(x) is differentiable for any x > 0. 

2. If x < 0, then |x| = -x and \x + h | = -(x + h) if we choose h small enough such that 
it is nearly equal to zero. 

Therefore, for x < 0 we have 



So,/'(x) exists and /(x) is differentiable for any x < 0. 

3. For x = 0 we have to investigate the left-hand and the right-hand derivatives separately: 



h-> o + h h o* k 



= lim = lim — = lim(-l) = -1 
/»-»0" h h->°~ h h^o~ 


Since these limits are different, f'(x) does not exist. So, fix) is not differentiable for 
x = 0. 

In conclusion,/(x) is differentiable for all the values of x except 0. 


Alternatively, from the graph of fix), we can see that fix) does not 
have a tangent line at the point x = 0. So, the derivative does not 
exist. 



Note that the function does not have a derivative at the point where 
the graph has a ‘corner’. 










If a function/(x) is differentiable at a point, then its graph has a non-vertical tangent line at 
this point. It means that the graph of the function cannot have a ‘hole’ or ‘gap’ at this point. 
Thus, the function must be continuous at this point where it is differentiable. 

Note 

If/(x) is differentiable at a, then /(x) is continuous at a. 

The converse, however, is not true: a continuous function may not be differentiable at every 
point. 

For example, the function/(x) = |x | is continuous at 0, because lim/(x) = 0 = /(0). 

But it is not differentiable at the point x = 0. 


cc c c c, 

A function / is 
continuous at x — a 
if and only if 

lim/(*) = /(«). 

X—>12 


The piecewise function /(x) is given as f(x) = 


2x 2 - x, 

X 

6, 

X 

x 3 -2, 

X 


x = 2. 
x < 2 


a. Is f(x) continuous at x = 2? 

b. Is /(x) differentiable at x = 2? 

a. Since lim /(x) = /(2), f(x) is continuous at x = 2. 

x ->2 

b. Let us find the left-hand and the right-hand derivatives of the function/(x) at the point x = 2. 

{A -p rI s 3 

0‘ h h-+ 0" 


/(2-) 


h *-> o' h 


Ui/firrntinliitn 


v 2 3 + 3 • 2 2 /i + 3 • 2h 2 + /z 3 - 8 .. /z(12 + 6/z+ h 2 ) 

= lim-= lim —-- 

^0- h h-+(T h 

= lim(12 + 6/z+ ft 2 ) = 12 

h-+0‘ 

nr) = lim ^ to 2 < 2 +" )a +*> - 6 

ft &->cr ft 

2-(4 + 4/z + /z 2 ) -2 -/z -6 .. 8 + 8h+2h 2 -2-ft-6 

= lim —----= lim- 

o* ft *->o* ft 

= lim fe ( 7 + 2ft ) = lim(7 + 2/z) = 7. 

ft h->o+ 

Since /'(2 + ) */'(2'), the derivative of the function/(x) does not exist at the point x = 2. 
So, the function is continuous at x = 2, but it is not differentiable at the same point. 
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We have seen that a function f(x) is not differentiable at a point if its graph is not 
continuous at x = a. The figures below show two more cases in which /( x) is not 
differentiable at x = a: 





17 Explain why the function shown in the graph 
on the right is not differentiable at each of the 
points x = a, b, c, d, e,f y g . 

The function f(x) is not differentiable at the 
points x = a, b, c because it is discontinuous at 
each of these points. The derivative of the 
function f(x) does not exist at x = d, e, f 
because it has a corner at each of these points. 

Finally, the function is not differentiable at x = g because the tangent line is vertical at that point. 
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Check Yourself 4 

X 

x' 2 - 1, X > 1 


x - 1, X < 1 

2 i ^ ^, show that the derivative of /(x) does not exist at the 


1. Given that /(x) 
point x = 1. 

2. /(x) = \x 2 - 4x + 31 is given. Find the derivative of f(x) at the point x = 3. 

3. The graph of a function/is given below. State, with reasons, the values at which /is not 
differentiable. 


V =/U) 


Answers 

1. compare/'(l") and/'(l + ). 

2. does not exist. 

3. x = -1, corner; x = 4, discontinuity; x = 8, corner; x = 11, vertical tangent. 


Ui/fimilHi/ion 
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At the beginning of our study of derivatives we have learned that a curve lies very close to its 
tangent line near the point of contact. This means that for the same value of x near the point 
of tangency, the values of y on the curve and tangent line are approximately equal to each other. 
This fact gives us a useful method for finding approximate values of functions. 

We can use the tangent line at (a, /(a)) as an approximation to the function/(x) when x is near 
a. The equation of this tangent line is 

y =/(a) + /'(a)(x-a). 

So, our approximation becomes 

f(x) ~f(a) + f'(a)(x - a). 

This type of approximation is called the linear approximation or tangent line approximation of 
f(x) at a. The linear function whose graph is the tangent line 

L(x) = /(a) + f'(a)(x - a) 

is called the linearization of f(x) at a. The geometric interpretation of linear approximation is 
show in the figure. 



The linear approximation f(x) ~ L(x) is a good approximation when x is near a. It is very 
useful in physics for simplifying a calculation or a theory. You might think that a calculator can 
give us better approximation than the linear approximation. But a linear approximation gives an 
approximation over an entire interval, which can be more useful. For this reason, scientists 
frequently use linear approximation in their work. The following example illustrate the use of 
linear approximation method to simplify calculation. 











For example, let us find the linearization of the function f (x) = Vx + 2 at a = 2, and use it to 
approximate the numbers ^3,99 and 7^01. 


First, we have to find/'(2), the slope of the tangent line to the curve /(x) = -Jx + 2 when x = 2. 

The derivative of/(x) is /'(x) = (yfx + 2)' = — l 

2 \fx + 2 


1 


_1 

4' 


SO - / ' ( 2 ) = 2^2 
The linearization is given by 
L(x)=/(a)+/'(a)-(x-a) 


1 


L(x) =/(2) + /'(2) • (x-2) = 2 + ^-(x-2) = 


x 3 
4 2 


I - x 3 

The linear approximation is therefore Vx + 2 ~ L(x) = — + —. 
In particular we have 


i - ,- 1 99 3 

VT99 = Vl.99 + 2 -L(l.99)-—+- = 1.9975 

4 2 

VrOl - L(2.01) = — + - = 2.0025. 

4 2 

The graphs of f(x ) = Vx + 2 and its linear approximation L(x) = — + — are shown below. We 

4 2 

see that our approximations are overestimates because the tangent line lies above the curve. 



The following table shows estimates from the linear approximation with the actual values. 



approximation 

actual value 

73.99 

1.9975 

1.99749... 

74.01 

2.0025 

1.00249... 



































EXERCISES 1.1 


A. Tangents 

Find the slope of the tangent line to the graph of 
each function at the given point. 

a. f(x) = 5x - 1 ; x = 3 
b /(x) = 4 - 7x ; x = 2 

c. f(x) = x 2 - 1 ; x = -1 

d. /(x) = 3x 2 - 2x - 5 ; x = 0 
© e. /(x) = x 3 - 3x + 5 ; x — 1 
© f. f(x) = x + Vx ; x = 4 

Og. Kx) = \ ; x = 2 
x 

© h. f (x) = ; X = 2 

x + 1 

2. Find the equation of the tangent line to each 
function at the given point. 

a. f(x) = 2x + 5 at (2, 9) 

b. f(x) = x 2 + x + 1 at (1, 3) 

© c. /(x) = x 3 - x at (2, 6) 

© d. /(x) = 2Vx at (4, 4) 

B. Velocities 

A particle moves along a straight line with 
the equation of motion s(t) = t 2 - 6t - 5, wfrere s 
is measured in meters and t is in seconds. Find 
the velocity of the particle when t = 2. 

If a stone is dropped from a height of 100 m, its 
height in meters after t seconds is given by 
s(t) = 100 - 5t 2 . Find the stone’s average velocity 
over the period [2, 4] and its instantaneous 
velocity at time t = 4. 


C. Rates of Change 

5. The volume of a spherical cancer tumor is given 

4 3 

by the function V(r) = —7tr , where r is the 

O 

radius of the tumor in centimeters. Find the rate 

of change in the volume of the tumor wfren 
2 

r = — cm. 

3 

6. A certain species of eagle faces extinction. After a 
conservation project begins, it is hoped that the 
eagle population will grow* according to the rule 
N(f) = 2t 2 + t + 100 (0 < t < 10), wdiere N(t) 
denotes the population at the end of the year t. 
Find the rate of growth of the eagle population 
wtien t = 2 and the average rate of growth over 
the interval [2, 3]. 



The fuel consumption (measured in litres per 
hour) of a car travelling at a speed of v kilometers 
per hour is c = f(v). 

a. What is the meaning of f'(v)? 

What does the statement/'(20) = - 0.05 mean? 
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D. Derivative of a Function 

8. Each limit below represents the derivative of a 
function/(x) at x = a. Find the function/and the 
number a in each case. 


a lim 

fi->0 


c. lim 


(l + fc) 10 -l 
h 

3 X -81 


*->•> x — 4 


b. lim 

h ->0 


d. lim 

h->0 


$8 + h-2 


cos(n + h) +1 


9. Find the derivative of each function. 

2x +1 


a. /CO = 3 - 2x + x 2 O b. /(x) = 
3 


©c. /(x) = 


Vx 


x-1 

O 1. /(x) = V3x + 1 


E. Left-Hand and Right-Hand 
Derivatives 

6x, 0 < x < 8 

9x - 24, 8 < x 

Does the function have derivative at x = 8? Why 
or why not? 


10, Let f(x) = 


i;. Given that/(x) = |x -11, find/'(l). 

F. Differentiability and Continuity 

12 . 



The graph of/(x) is given. At what numbers is/(x) 
not differentiable? Why? 


13 Let /(x) = 


x 2 + 7x, x < 1 
9x - 24, x > 1 
Does the function have derivative at x = 1 ? Why 
or why not? 


14 Given that /(x) = 


x + 6, x > 3 

x 2 , x = 3 find/'(3). 

x 3 - 6x, x > 3 



Mixed Problems 


15. Consider the slopes 
of the tangent lines 
to the given curv e at 
each of the five 
points shown. List 
these five slopes in 
decreasing order. 


16 If the tangent to the graph of f(x) = x 2 - 2 ax + 3 
at x = -1 is parallel to the line 2 x-y = 1, find a . 

At which point of the curve y = x 2 + 4 does its 

© © 

tangent line pass through the origin? 

18. An arrow is shot upward on a planet. Its height (in 
meters) after t seconds is given by h(t) = 60t - 0.6t 2 . 

a. At wftat time will the arrow' reach the top ? 

b. With w'hat velocity will the arrow' hit the 
ground? 

19. Given the continuous function 

Q© 

x 2 +10x + 8, x <-2 
/(x) = < ax 2 +fox + c, -2 <x <0, 
x 2 + 2x, x > 0 

find a, b and c such that its graph has a tangent 
touching it at three points.. 


Given that/(x) = |x 2 -2x|, find/'(l). 
O 


Using lineal' approximation calculate >/99. 

O© 


Uiflhrt Hint inn 
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i TECHNIQUES JF Dlff£«£i£TIATIGN 

A. BASIC DIFFERENTIATION RULES 

Up to now, we have calculated the derivatives of functions by using the definition of the 
derivative as the limit of a difference quotient. This method works, but it is slow even for 
quite simple functions. Clearly we need a simpler, quicker method. In this section, we begin 
to develop methods that greatly simplify the process of differentiation. From now on, we will 
use the notation f(x) (f prime of x) to mean the derivative off with respect to x. Other books 
and mathematicians sometimes use different notation for the derivative, such as 

fm = y'=^- = D x (f(x)). 
dx dx 

All of these different types of notation have essentially the same meaning: the derivative of a 
function with respect to x. Finding this derivative is called differentiating the function with 
respect to x. 

In stating the following rules, we assume that the functions/ and g are differentiable. 

Our first rule states that the derivative of a constant function is equal to zero. 



We can see this by considering the graph of the constant 
function/(x) = c, which is a horizontal line. The tangent line to 
a straight line at any point on the line coincides with the straight 
line itself. So, the slope of the tangent line is zero, and therefore 
the derivative is zero. 

We can also use the definition of the derivative to prove this 
result: 


c-c 


h h ^° h 


/i-> o 


= lim 0 = 0. 

>o 


y 


!l= c- 

slope = 0 


x 


The slope of the tangent to 
the graph of fix) = c\ where c is 
constant, is zero. 


1a. If/(x) = 13, then f'(pc ) = (13)' = 0. 


1 


b. If f(x ) = then f\x) = -- = 0. 


1 













Next vve consider how to find the derivative of any power function/(x) = x”. 

Note that the rule applies not only to functions like/Cx) = x 3 , but also to those such as 



g(x) = yjx 3 and h(x) = — = x 5 . 

x° 


THE DERIVATIVE OF A POWER FUNCTION (POWER RULE) 


If n is any real number, then (x n )' = nx n . 


1 5 a If f(x ) = x, then f\x) = x'=l • x 1 ' 1 = 1. 

b. If fix)-x 2 , then f\x) = (x 2 )' = 2 • x 2_1 = 2x. 

c. If fix) = x 3 , then fix) = (x 3 )' = 3 • x 3_l = 3x 2 . 

Note 

To differentiate a function containing a radical expression, we first convert the radical 
expression into exponential form, and then differentiate the exponential form using the Power 
Rule. 


y a - If fix) = then /(x) = x 3/2 in exponential form 


/ / (x)=(x 3/2 y=-x 3/2 - , = -x ,/2 . 
J w v J 2 2 


b. If f{x) = —, then fix) = x" 1 in exponential form 
x 

fix) = (x~')'= -1 • x- 1 - 1 = -x~ 2 = —4- 
















Proof 
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The proof of the Power Rule for the general case (n e R) is not easy to prove and will no be 
given here. However, we can prove the Powder Rule for the case where n is a positive integer. 


U/»)-«•, then /■W = Um /(x + >) ~ /W =llm (r ' l ' t) ‘~ JC ‘ . 

h—>o h h -^° h 

Here we need to expand (x + h) n and we use the Binomial Theorem to do so: 


x n + ? ix n l h + 71 — ——x 71 2 h 2 H-1- t ixh n 1 + h n 


f\x) = lim- 


-x 


n • x n l h + n — ' -— — x n 2 h 2 H-1- nxh n 1 + h n 


f\x) = hm- 


(every term includes h as a factor ; 
so h’s can be simplified) 


fix) = lim 

h^r 0 


nx”' 1 + - ^ ^ X n ~ 2 /z + • •• + nxh n ~ 2 + fe"' 1 -n •x" -1 ifh = 0. then nt term including 

h as a factor will he zero) 


Check Yourself 5 

Differentiate each function by using either the Constant Rule or the Power Rule. 


2-/(x) = 0.5 
6. /(x) = ^ 


3 - /(*) = —i 


l./(x) = 2 

5. /(x) = x 3 

Answers 

1.0 2. 0 3. 0 4. 0 5. 3x 2 6. Jn/x 7 7. — 

3 : 




7 - /(*>=T 8 -/(*)= 


8 . - 


2 Vz* 


The next rule states that the derivative of a constant multiplied by a differentiable function 
is equal to the constant times the derivative of the function. 


THE CONSTANT MULTIPLE RULE 


[c ■ /(*)]'= c ■ f\x) 

, CE R 


a. If /(x) = 3x, then /'(x) = (3x)' = 3 *(x)'=3 *1=3. 

b. If/(x) = 3x 4 , then f\x) = (3x 4 )' = 3(x 4 )' = 3 *(4x 3 ) =12x 3 . 


Drriratircs 





















Proof 


If g(x) = c ■ f(x), then 

g\x) = Urn + « , to c /& + W-C -/W 


/ e —^0 


k—>0 


gXx)-cllm f(x + h >- f(x > 

, - h 


fc->0 

g\x) = c ■ f\x). 


I/® a. If/(x) = -4.then/'(x)=(-2x- 3 )' = -2(x- 3 ) / =-2(-3x^) =6 x' 4 = 4- 

X X 


If/(x) = 5Vx, then/'(x) =(5x 1/2 )' = 5(x 1/2 )'=5^x 1/2 j =-|x 1/2 = -~= r . 

Next we consider the derivative of the sum or the difference of two differentiable functions. 
The derivative of the sum or the difference of two functions is equal to the sum or the 
difference of their derivatives. Note that the difference is also the sum since it deals with 
addition of a negative expression. 



[/(*) + 5(*)t = f'(x) + g'(x) 


Note 

We can generalize this rule for the sum of any finite number of differentiable functions. 
[f 00 + g( x ) + h(pc) + • • •] = f'(x) + g'(x) +h'(x) +... 














Now, let’s verify the rule for a sum of two functions. 


Proof Sum Rule If S(x) = f(x) + g(x), then 


S'(.v) = lim S( - v + /z )~ s W = lim [/» + h) + g(x + h)]~ [/(x) + g(x )] 

V J h-*0 h h^O h 


S'Qc) = lim 


[f(x + h)-f(x)]+ [j g(x + h ) -g(x)] 


S'(x) - lim f{x + k> ~ tW + u m 9<* ■ + k) -g(*) 
h h ^° h 


h —>0 

S'(.r) = f'(x) + g'(x) 


Example 


^ a. If f(x) = x~ 2 + 7, then f'(x) = (x 2 + 7)'= (x~ 2 )'+(7)'= -2x ! + 0 = -2 x 3 . 


b - Ifg(t) = 4+|-, 


1 


fL+5r 2 l = 

i-) 

LO 

LO 


+(5r 2 )'=^t 2 )'+5(r 2 ): 

5 


5 (t)' = f(2t 2 - , ) + 5(-2r 2 - 1 ) 
5 


Notice that in this example, the Independent variable is t instead of x. So, we differentiate 
the function g(t ) with respect to t. 


By combining the Power Rule, the Constant Multiple Rule and the Sum Poile we can 
differentiate any polynomial. Let us look at some examples. 


Example 
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Differentiate the polynomial function f(x) = 3.T 5 + 4x 4 - 7x~ + 3x + 6. 


Nor /'(*) = (3x 5 + 4x 4 - 7x 2 + 3x + 6)' 

/'(x) = (3x 5 )'+ (4x 4 )'+ (- 7 x 2 ) '+ (3x)'+ ( 6 ) ' 
/'(x) = 3(x 5 )' + 4(x 4 )' - 7(x 2 )'+ 3(x)'+ (6)' 
/'(x) = 3 -5x 4 + 4 - 4x 3 -7 -2x+ 3 -1 + 0 


f'(x ) = 15x 4 + 16x 3 -14x+ 3 



DmrtJlirr.s 











Example 
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Solution 


l 


It is estimated that x months from now, the population of a certain community will be 
P (x) = x 2 + 20* + 8000. 

a. At what rate will the population be changing with respect to time fifteen months from 
now? 

b. How' much will the population actually change during the sixteenth month? 

a. The rate of change of the population with respect to time is the derivative of the 
population function, i.e. 

rate of change = P'(x ) = 2x + 20. 

Fifteen months from now T the rate of change of the population will be: 

P'(15) = 2 • 15 + 20 = 50 people per month. 

b. The actual change in the population during 
the sixteenth month is the difference between 
the population at the end of sixteen months 
and the population at the end of fifteen 
months. Therefore, 

the change in population = P(16) - P(15) 

= 8576 - 8525 
= 51 people. 



Check Yourself 6 

1. Find the derivative of each function with respect to the variable. 

a. fix) = -^~ b. fir) = ^Ttr 3 c. fix) = 0.27x 

2dX u 

d. f(x) = 3x 2 + 5x - 1 e. fit) = A - f .+1 f. fix) = v< ~ 4v ' +3 

t 3 x 

2. Find the derivative of fix) = -— 3v — 3 -— 

x — 1 

3. Differentiate fix) = x ^ 

xVx + vx 

Answers 

i 3 . 0.1 , _ _ 12 2( . c n .3 

1. a.-— b. 4icr c. —= d. 6x + o e. — -+ 1 f. 2x-4—r 

2x 2 7^ t 4 3 x 2 

2. 2x - 2 3. 1 





Uifjrrvntiuliun 
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B. THE PRODUCT AND THE QUOTIENT RULES 

Now we learn how to differentiate a function formed by multiplication or division of 
functions. Based on your experience with the Constant Multiple and Sum Rules we learned 
in the preceding part, you may think that the derivative of the product of functions is the 
product of separate derivatives, but this guess is wrong. The correct formula was discovered 
by Leibniz and is called the Product Rule. 

The Product Rule states that the derivative of the product of two functions is the derivative 
of the first function times the second function plus the first function times the derivative of 
the second function. 


THE PRODUCT RULE 


[f(x)g(x)]' = f'(x)g(x) + f(x)g'(x) 

Be careful! The derivative of the product of two functions is not equal to the product of the 
derivatives: 


We can easily see this by looking at a particular example. 


ce ce c 

lf(x)g(x)]'*f'(x)g'(pc) 


Let f(pc) = x and g(x) = x 2 . Then 
f(x)g(x) = x • x 2 = x 3 

\f(x)g{x)\' = 3x 2 


| f(x)g( 


f'(x) = 1 and g'(x) = 2x 

fXx)g'(x) = 1 • 2x = 2x 
*/'( x)g'(x). 


\ 


22 


Find the derivative of the function/(x) = x(x + 1). 


By the Product Rule, 

f\x) = x • (x +1)'+ (X)' - (x +1) = x • 1 + 1 • (x +1) = 2x +1. 

We can check this result by using direct computation: 

/(x) = x(x + 1) = x 2 + x so,/'(x) = 2x + 1, which is the same result. 

Note that preferring direct differentiation when it is easy to expand the brackets is always 
simpler than applying the Product Rule. 


23 Differentiate the function/(x) = (2x 2 + l)(x 2 -x). 


f'(x) = 2\ •+• 1 • (pc 2 -x) + (2x 2 +1) • 
f\x) = ( 4 v) (x 2 -1) + (2x 2 +1) 
f'(x) = 4x 3 - 4x + 4x 3 - 2x 2 + 2x -1 
/'(x) = 8x 3 - 2x 2 - 2x -1 


Solution 







24 Differentiate the function /(x) = (x 3 4- x -2)(2Vx 4- 1). 

First, we convert the radical part into exponential form: 

/(x) = (x 3 + x-2)(2Vx + l) = (x 3 + x-2) -(2x 1/2 + l). 

Now, by the Product Rule, 

f\x) = (x 3 4- x -2)'-(2x 1/2 +1) 4- (x 3 4- x- 2) -(2x 1/2 4 - 1) 7 

f\x) = (3x 2 + l)(2x 1/2 + l) + (x 3 + x-2) -x" 1/2 = 6x 5/2 4-3x 2 4- 2x 1/2 + l4 x 5/2 + x 1/2 -2x 4/2 
f'(x ) = 7x° /2 4- 3x 2 4- 3x 1/2 - 2x' 1/2 4- 1 . 


Let us look at the proof of the Product Rule. 

If P(x) =/(x)g(x), then 

P'(x) = lim p ( x + fe )~ p ( x ) = ^ /(* + h)g(pc 4- h) -/(x)g(x) 

^ J h->0 fi h^O h 


By adding U \ 4 h m- \ 1 4- J\ \ 4- /? < (which is zero) to the numerator and factoring, we have: 
PYx) = ii m Kx + h)g(x + h) -h .■ \ .-ht --/(x)g(x) 


P'(r) = lim + ^ +h) ~— + zl^l} 

{X *-*> h 


P'(pc ) = lim 


k-tO 


f(x+h) 


'g(pc + h)-g(x)' 


g(x) 


f (x + h) -f(x) 


P'(x) - lim f(x+h) ■ lim ^ — 9^-1 + ij m g( x ). Um ^ — 1^1 

*-» o a-»o h h->0 a h->0 h 

P'(x) = f(x) ■ g'(x) + g(x) ■ f \x) = / '(x)g(x') + f(x)g '(x). 


25 Differentiate the function /(x) = (x 2 4- l)(3x 4 - 5x)(x 3 4- 2x 2 4- 4). 

In this example we have a product of three functions, but we are only able to apply the rule 
for the product of two functions. So, before we proceed we must imagine the function as 
a product of two functions as follows: 

/(x)= -5\ (x +2x-+4) 

f (x) = 4- ‘ v 4- 2 v 4 4 ) 

v_ v _ / 

requires product rule once more 

f (x) = f 4)4 

Our aim is to introduce this method and because any further simplification is time 
consuming, we will stop at this point. 


















The derivative of a quotient is the denominator times the derivative of the numerator minus 
the numerator times the derivative of the denominator, all divided by the square of the 
denominator. Or, 

( numerator A _ derivative of the numerator xdenominator - numerator xderivative of the denominator 
( denominator j the square of the denominator 


THE QUOTIENT RULE 


( m) 

U^J 

1 (g(x)f 



The quotient rule is probably the most complicated formula you will have to learn in this text. 
It may help if you remember that the quotient rule resembles the Product Rule. 

Also note that like in the Product Rule, the derivative of a quotient is not equal to the 
quotient of derivatives. 


jw 3r - 4 - | 

20 Find the derivative of the function f(x) = ——- 


Using the Quotient Rule: 

fY (3\ + D , (2A:-l)-(3x + l)(2i-lf 
JW (2x -1) 2 


f\x) = 


3-(2x-l)-(3x + l) -2_6x-3-6x-2 


(2x -l) 2 


(2x -l) 2 


f\x) = - 


(2x -1) 


2 ’ 


Example 


27 Differentiate the rational function f(x) = 


x 2 + x-21 
x — 1 


on According to the Quotient Rule, 

N (2x + l)-(x-l)-(x 2 +x-21)-1 

/ (*>=-— / 1n2 -— 

(x-l) 2 


/'(*) = 


2x 2 -x-l-x 2 -x + 21 x 2 -2x + 20 


(x-l) 2 


(X-l ) 2 


e ,, . x 2 - 2x + 20 























Differentiate the function f (x) - 9a ' + ^ + ^ 


Solution 

Before trying to use the Quotient Rule let us simplify the formula of the function: 

v 2x 2 + 3x +1 2x 2 3x1 3 ,1 _! 

f (x) = = + + =x+ + x . 

2x 2x 2x 2x 2 2 

In this example, finding the derivative will be easier and quicker without using the Quotient Rule. 

/'<*>=i+o-V-i-j,-* V 

i/V A 

Note 

We do not need to use the Quotient Rule every time we differentiate a quotient. Sometimes 
performing division gives us an expression wilich is easier to differentiate than the 
quotient. 

Let us verify the Quotient Rule. 

Proof 

f Cxi 

Quotie- Let Q(x) = J and Q(x) be differentiable. 

g(x) 

We can write /(x) = Q(x)g(x). 

If we apply the Product Rul e:f'(pc) = Q'(x)g(x) + Q(x)g'(pc) 

Solving this equation for Q'(x), we get 

f'( x ) 

OYt n f'(x)-Q(x)g\x) ' g(x) 9 ' 

9(x) g(x) 

Q , (x) _ f'(x)g(x)-f(x)g'(x) 

(9(x)f 


<2^ /(x) - Vx • g(x), where g(4) = 2 and g'(4) = 3. Find/'(4) 


Solution 

f\x) = (Jx ■ g(x)y=(4x)'-g(x)+Jx -g{x) 
f'(x) - 9< ^1 + Vx • g (x) 

s°m-^^- 9 w- 2 2 2+ 2 3 -' 2 3 


Differentiation 
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Check Yourself 7 

1. Find the derivative of each function using the Product or the Quotient Rule. 


a. fix) = 2x(x 2 + x + 1) 


c. f(x) = 
e. /(x) = 
& /(*) = 


x J^x 

2x + 4 
3x-l 

x 2 - x +10 

X + 1 


+ 1 


b. f(x) = (x 3 - l)(x 2 - 2) 

d. /(x) = (Vx + l)fx 2 + 7= 
l vx J 

4x-i 


f. fix ) = 
h. /(x) = 


Vx + 1 

x 3 + 3x 2 - 5x + 6 
2x 


2. If/(x) is a differentiable function, find an expression for the derivative of each function. 


a. y = x 2 fix) 


b. y = ^ 


C. y = 


fix) 


d. y = 


l + x/(x) 


X 


3. Suppose that /and g are two functions such that/(5) = 1, /'(5) = 6, g( 5) = -3 and 
g'(5 ) = 2. Find each value. 


a. (fe)'(5) 

b. 

7' 

(5) 

C. If] 



,9 , 


UJ 


Answers 

1. a. 6x 2 + 4x + 2 

14 


e. -- 


(3x -1) 2 


(5) 


b. 5x A - 6x 2 - 2x 

1 


c. 

x 3 x 4 


f. 


Vx(Vx +1) 2 


& 


x 2 4- 2x - 11 

(* + l) 2 


5 f— i 

d. —XVX + 2x- 


2xVx 


3 3 

h. x——H— 
x 2 2 
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We have learned how to find the derivatives of expressions that involve the sum, difference, 
product or quotient of different powers of x. Now consider the function given below: 

h(x) = (x 2 + x - l) 50 

In order to differentiate h(x) using the rules we know, w 7 e need to expand h(pc), then find the 
derivative of each separate term. This method is, however, tedious! 

Consider also the function m(x) = Vx 2 +x-l. This function is also difficult to differentiate 
using the rules w^e have learned. For each of the two functions h(pc) and m(x), the 
differentiation formula we learned in the previous sections cannot be applied easily to 
calculate the derivatives h'(x) and m'(pc). 

We know 7 that both h and m are composite functions because both are built up from simpler 
functions. For example, the function h(pc ) = (x 2 + x - l) 50 is built up from the tw 7 o simpler 
functions/(x) = x 50 and g(x) = x 2 + x - 1 like this: 

h(x) =f(g(pc )) = [g(x)] 50 = (x 2 + x - l) 50 

Here w 7 e know how to differentiate both/and g , so it wxmld be useful to have a rule that tells 
us how to find the derivative of h = f(g(pc)) in terms of the derivatives off and g. 





I 



outer argument 
function of the 

outer 
function 


\ 


derivative of 
the outer 


4 

A, 

denyativ 
the argui 


of 

?nt 


function of the outer 
-function 


For example, if h(x) - = , then 

h'(x) = ' • ' = • 1). 





1 . 

2 . 


[(x 2 + x - 1) d0 ]' ^ 50(x 2 + x - l) 49 
| (.v 2 + x - I) 50 }' 50(2a + 1) 






3 0 Differentiate the function f(pc) = (3x i 2 + ox) 2005 . 


By the Chain Rule, /'(*) = 2005(3x 2 + 5x) 2<XM •(3x 2 + 5x) , = 2005(3x 2 + 5x) 2OOJ -(6x+5). 


§ 1 Suppose m(x ) = f(g(x)) and g(l) = 5, g'( 1) = 2,/(5) = 3 and/'(5) - 4 are given. 

Find to'(1)- 

on By the Chain Rule, to'(x) = f'(g(x))g'(x). So to'(1) = f'(g(,l))-g'0-) =/'(5)-2 = 4-2 = 8. 

Note 

The Chain Rule can be generalized for the composition of more than two functions as follows: 

^(/ l (/ 3 (-/,w-)))r = [/ I , (/ 2 (/ 3 (-/„w-)))] • (/ 2 '(/ 3 (.../„(*)•••))) • (//c ../,(*)...)) • - ■//(*) 

Using the Chain Rule we can generalize the Power Rule as follows: 


GENERAL POWER RULE 


[(f(x))T = n(f(x)y - 1 • f\x ) 

By using this rule we can more easily differentiate the functions that can be written as the 
power of any other functions. 


Example 


32 Differentiate the function m(x) = 


x + x-l. 


We can rewrite the function as m(pc) = (x 2 + x - l) 2 and apply the General Power Rule: 
1 -I 

77Z , (x) = — (x 2 + x-l) 2 *(x 2 + x-l)' 

i JL 

m\x) = — (x 2 + x -1) 2 • (2x +1) 


m\x) = 


2x + l 


2 Vx 2 + x-l 


Example 


33 Differentiate the function f (x) 


1 

x 2 +3x 


f\x) = [(x 2 + 3x) a ]'= -l(x 2 4- 3x) 2 -(x 2 + 3x)' 
f'(x ) = —l(x 2 + 3x)- 2 • (2x+3) 




/'(*) = - 


2x + 3 
(x 2 + 3x) 2 


/ hrimlirrs 













:I0-J 


Differentiate the function/(x) = (2x 3 + x 2 - 15) 


1 -- 

f\x) = -—(2x 3 + x 2 -15) 3 -(2x 3 + x 2 -15)' 
3 


1 


/'(*) = — 
f\x) = - 


3 \J(2x'’ + x 2 -15) 4 
6x 2 + 2x 


• (6x 2 + 2x) 


3^/(2x 3 + x 2 -15) 4 


1 

3 



Solution 


2 

Differentiate the function /(x) = ((x +1) 3 + 5x)~ 3 . 

2 2 


f\x ) = -3((x 4- 1)" 3 + 5X)" 4 • ((x+ l)" 3 + 5x)' 

f\x) = -3((x +l)” 3 + 5x)^ -(-Icx+l) -3 -(x+1)'+ 5) 

f'(x) = -3((x + l)"t + 5x)^ • (5 -|(x+1)"5) 


Example 
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Solution 


Differentiate the function f(x) = (2x -3) 5 • Vx 2 -2x. 0 

The function is the product of two expressions, so we can use the Product Rule: 
f\x) = ((2x- 3) 5 )' • Vx 2 -2x + (2x -3) 5 -(Vx 2 -2x)' 


, - 1 

/'(x) = 5 • (2x-3) 4 • 2 • Vx 2 -2x + (2x -3)° • — *(x 2 -2x) 2 *(2x -2) 

2 


/'(x) = 10(2x-3) 4 Vx 2 -2x + 


(2x-3) 5 • (2x-2) 
2%/x 2 -2x 
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Differentiate the function g(t) = 

2t + lf ( 2t +1 
t-3 J [t-3 




9\t) = 7 

(2t + l) 

| 2 • (t-3)-1 • (2t+1) 

[t-3 J 

1 (t-3) 2 

g\t )=7 


2t-6-2f-l 

[t-3 J 

(t-3) 2 

^ 9 (2t + l) 6 

9 U (t-3) 8 


Power Rule) 

(by the Quotient Rule) 
(simplify) 


Notation 


Remember that if y = f(pc), then we can denote its derivative by y' or —. 

ax 

If y = f(g(x )) such that y = f(u ) and u = g(x ), then we can denote the derivative of f(g(x)) 
by y' =f'(g(x)) ■ g'(x) or ;/' = • or 

a \ tin <i\ 

The notation ■ — is called Leibniz notation for the Chain Rule. 

dx du dx 


38 Given that y = u 2 - 1 and u = 3x 2 + 1, find — bv using the Chain Rule. 

dx 


By the Chain Rule, 


dy _ dy du 
dx du dx 


^L = ±(u 2 -l)~(3x+l) 
dx du dx 


^ = (2u-l)-3 


(find the derivative of the first function with respect to u 
and the second function with respect to x) 


— = (2 (3x+l)-l) -3 
dx 


— = l8x + 3. 
dx 














Check Yourself 8 

1. Find the derivative of /(x) = (2x + l) 3 . 

2. Differentiate y = (x 3 - l) 100 . 

1 


3. Find f'(x) given /(x) = 




x + x +1 


4. Find the derivative of g(x) ■ 


x 3 -l 
x 3 +l' 


J 

5. y = — and u = 3x - 1 are given. Find —. 
u dx 


Answers 

1. 6(2x + l) 2 


l,x 3 + l.| 6x 2 

T 3 7 / 


4 x -1 (x 3 + l) z 


2. 300x 2 (x 3 - l) 9 


5. — 


(3x -1) 2 


3. 


2x + l 


3^/(x 2 + x +1) 4 



liiffcrrriludiiH 
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D. HIGHER ORDER DERIVATIVES 

If / is a differentiable function, then its derivative /' is also a function, so /' may have a 
derivative of its own, denoted by (f')' = /". This new function /" is called the second 
derivative of/because it is the derivative of the derivative of/ Look at three different ways 
of writing the second derivative of a function: 

/"(*) = 2 /" = 0 


Example 


39 Find the second derivative of the function fix) = 


2x 
x — 1 


S o : uti o By the Quotient Rule, 


. 2-(x-l)-2x 1 2x-2-2x 2 

Hx) —ottt—— cnr 

Now differentiate f'(x) to get /"(x): 

2 


/"(*) = 


(X-lf 


= (-2(x-\y y=4(x -ir i = 


(x-i r 


Notation 


Note 

Before computing the second derivative of a function, always try to simplify the first derivative 
as much as possible. Otherwise the computation of the second derivative will be more tedious. 

If we differentiate the second derivative f"(x) of a function /(x) one more time, we get the 
third derivative f'"(x). Differentiate again and w r e get the fourth derivative, which we write 
as / (4) (x) since the prime notation /""(x) begins to get difficult to read. In general, the 
derivative obtained from/(x) after n successive differentiations is called the nth derivative or 


the derivative of order n and written by f [7l \x) or 


cT]i 

dx n ‘ 


Example 


A 


40 Find the derivatives of all orders of the polynomial function 
f(x) = x 5 + 4x 4 + 2x 3 - 5x 2 - 6x + 7. 

Solution f'( x ) = 5x 4 + 16x 3 + 6x 2 - lOx - 6 
/"(x) = 20x 3 + 48x 2 + 12x - 10 
f’"(x) = 60x 2 + 96x + 12 
/ <4) (x) = 120x + 96 
/ <S) (x) = 120 
f <n \x) = 0 (for n > 5) 

38 


Drriralin 















Example 


41 


Find a general expression for the nth derivative of the function f(x) = —. 

V- 


Solution — = (x _I )' = -x“ z =— 5 - 
dx x 

ax x 


^f = (-6x-)'=24x-.M 

dx 4 v J x° 

i-f = (24x“ 5 )' = -120X- 6 = - 
dx 


n!=7i(n-l)(w-2)*...-3-21 
for any natural number n 


120 


X 


dx" W W x " +1 


Check Yourself 9 

1. Find the second derivative of each function. 

a. f(x) = x 3 - 3x 2 + 4x + 5 b. /(x) = ——— 

x + 2 

2. Find the third derivative of each function. 

a. /(x) = x 2/3 b. /(f) = (if 2 - 1) 5 


Answers 



Diffrmiliiilhn 














LINEAR MOTION 


Motion is one of the key subjects in physics. We define 
many concepts and quantities to explain the motion in 
one dimension. We use some formulas to state the 
relations between the quantities. Derivative plays an 
important role in defining the quantities and producing 
the formulas from other derivatives. Here we will give the 
definition of important concepts and formulas that 
includes the uses of derivative. 


The displacement is the change in the position of an object. If we denote the position at time t, 
by x,, and the position at time t 2 by x 2 , then the displacement is the difference between these two 
points; this is defined by 

Ax = x 2 - x v 

The time interval is, similarly, 

At = t 2 - t r 

We use the capital Greek letter A(delta) to show a change in a variable from one value to 
another. 


The velocity describes how fast the position of an object 
changes. It is measured over a certain time interval. If a 
car has a displacement Ax in a particular time interval At, 
then the car's average velocity, V flt „ over that time interval 


is defined by 


y _ displacement _ x 2 - x, _ Ax 
time interval t 2 -tj At 


The definition of the average velocity includes a time interval. We learn more about the motion 
when smaller time intervals are used. Because of this, we define the instantaneous velocity as 
follows. 

The instantaneous velocity at a time t is the velocity of an 
object at that given instant of time. In other words, it is the 
limit of the average velocity as At approaches zero: 














V(t) 




Af—>0 


At 


From the definition given above, we may conclude that the instantaneous velocity is the 
derivative of the displacement with respect to time t. 

V(t) = lim^=* 

Af - >0 At dt 


The term acceleration refers to the rate of change in velocity of an object with respect to time 
We define the average acceleration, a av , in terms of velocity z>, at time t, and v 2 at time t 2 : 

v 0 - v, Av 
a„„ = —- - = — 

t 2 - 1, At 

Now we will define the instantaneous acceleration as follows. 


A v 

The instantaneous acceleration is the limit of the expression — as the time interval goes to 
zero. 


a(f) lim = — 

Af->0 At 


dv 

dt 


This means that the instantaneous acceleration is the derivative of velocity with respect to time. 
Also it is the second derivative of the displacement. 



For example, the position function x(t) of a car moving along a straight line is given as 
x(t) — 4 1 2 + 6t - 20 m where t is in seconds. 

The derivative of the position function gives the velocity function. 


The acceleration is 


H T 

V(t) = — = (4t 2 + 6t- 20)' = 8t + 6 m/s 
dt 


a(t) = — = (8f + 6)' = 8 m/s 2 . 
dt 

So, the car moves with constant acceleration. 













EXERCISES 1.2i 


A. Basic Differentiation Rules 

1. Find the derivative of each function by using the 
rules of differentiation. 

a. fix) = 72 


b. /(x) =- 

J 151 


c. f(x) = e* 


d. /(x) = —x 8 
12 


e. /(x) = 2x° 


f. /(%)=|V' 5 


g- /(*) = 


e/^rr 

h. /(x) = 0.3x 07 

i. /(x) = 7x -12 

j. /(x) = 5x 2 - 3x + 7 


k. /(x) = 


x + 2x + x -1 


i. /(x)=4-4+- 

j t 4 t 3 t 


m. /(x)= \Jx + six + yfx 

n. /(x) = 7x + -p= + - 

Vx x 

0. /(x) = l--+-)t 

X Vx 


B. The Product and The Quotient Rules 

2. Find the derivative of each function by using the 
Product or the Quotient Rule. 

a. K x ) - 5x(x 2 - 1) 

b. /(x) = (2x + 3)(3x - 4) 

c. f( x ) = 10(3x + 1)(1 - 5x) 

d . /(*) = (* 3 - 1)0 + 1 ) 

e. f( x ) = O 3 - x 2 + x - l)(x 2 + 2) 

f. fix) = (1 + ft )(2t 2 -3) 

3 


g. /(*) = 

h. /(x) = 

i. /(x) = 

j- fix) = 
k- fix') = 
L /(*) = 


2x -f 4 

x — 1 
2x + l 

l-2x 
1 + 3x 

& 

x 2 +1 

x 2 + 2 
x 2 + x +1 

x +V3x 
3x-l 


3. Given that/(l) = 2, /'(1) = -1, g{ 1) = -2 and 
g\l) = 3, find the value of h\ 1). 

a. fc(x) =/(x)- 5 (x) 

b. ft(x) = (x 2 + 1) • g(x) 
x/(x) 


c. /z(x) = 


x+ g(x) 


d. ft gw 

f(x)-gix) 


42 


bvriratiii'.s 

















4. Differentiate the function /(x) = —— 3x\[x 

vx 

simplifying and by the Quotient Rule. Show that 
both of your answers are equivalent. Which 
method do you prefer? Why? 


5. /(3) = 4, 0(3) = 2, /'(3) = -6 and g\ 3) = 5 are 
given. Find the value of the following expressions. 


a. (f+g)'(3) 


c. 


- 1 ( 3 ) 

9 


b. (fg)'i 3) 


/ ' 


k /-0 


(3) 


C. The Chain Rule 

6. Find the derivative of each function. 

a. /(x) = (3x - l ) 2 

b. fix) = (x 2 + 2) 5 

c. /(x) = (x 5 - 3x 2 + 6) 7 

d. f(x) = (x - 2)- 3 
2 


e - /(x) = 
f. /(*) = 


(5x 2 + 3x -1) 2 

1 


Vdx 2 +1 
g. f (x) - (-v/x + 1 + -y/x) 3 

O h. fix) = (x - l) 5 • (3x + 1) 1/3 
(1 - 3x) 7 


Oi. fix) = 


(2x + l) 4 




2x-l 


OL /W = vo - 
V 3x + l 

01. fix) — 3x + [2x 2 + (x 3 + l) 2 ] 371 


7, h(x) = gifix)) and /(2) = 3,/'(2) = -3, gi 3) = 5 
and g\3) = 4 are given. Find h'{2). 


8. Bv using the Chain Rule, find — for each function. 

dx 

a. y = u 2 - 1, u = 2x + 1 

b. y = u 2 + 2u + 2, u = x- \ 

1 3 

c. y = - u = x 

u -1 


1 


d. 2 / = "s/w + -=, u — x~ — x 
fu 


D. Higher Order Derivatives 

9. Find the second derivative of each function. 

a. /(x) = 3x 2 - 7x + 2 

b. fix) = (x 2 + l) 7 

x 2 

c. fix) = -2— 

x-1 

d. fix) = f2x - 1 

10. Find the third derivative of each function, 
a. /(x) = 5x 4 - 3x 3 


b. fix) = - 

c. /(x) = V3x-2 


d. /(x) = (2x - 3) 4 


Diffi’ivi ilia lion 
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Mixed Problems 


Find the equation of the tangent line to the graph 
of the function/(x) = (x 3 + l)(3x 2 - 4x + 2) at 
the point (1,2). 


The curve y = —7— 
x 2 +l 


is called a serpentine 


curve. Find the equation of the tangent line to the 
curve at the point x = 3. 


/is a differentiable function. Find an expression 
for the derivative of each of the following functions. 

a y = X 2 -Jxf(x) 


y = x 3 (f(x )) 2 


y = 


m 


y = 


X + xf (x) 

Vx 


Prove that (fgh )' = f'gh + fg'h + fgh' if/ g and h 
are differentiable functions. 


A scientist adds a toxin to a colony of bacteria. He 

estimates that the population of the colony after t 
24t +10 

hours will be P(t) = —-- thousand bacteria. 

t 2 +1 

Find the estimated rate of change of the 
population after three hours. 



The concentration of a certain drug in a patient’s 
bloodstream t hours after injection is given by 


C(0 = 


0 . 2 1 

t 2 +r 


Find the rate at w T hich the concentration of 
the drug is changing with respect to time. 


How fast is the concentration changing 
1 hour after the injection? What about after 2 
hours? 


g(x) = f(pc 2 + 1) is given. Find g\ 1) if/ 7 (2) = 3. 


Find an expression for the derivative of 


O 


/ 


g(x)h(x) 
v m(n(x)) y 


if / g,h,m and n are differentiable 


functions. 


If the tangent to the graph of/at point (2, 3) has an 

jrv 

angle of 60° with x-axis, find the slope of tangent to 
the graph of g(x) = / 2 (x) - x • fix) at x = 2. 


Given that /(x) = yjx^xy/x and f\a) = ——, 
Op., 64 

find a. 

Given that/(4 • g(x) + 7) = x 3 - 2x 2 + 3 and 
g(x) = l-x, find/X-l). 


Find an expression for the rzth derivative of the 

O j 

function /(x) = —. 


Derirnlircs 
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A. DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC 


FUNCTIONS 

In this section, we will study the derivative formulas for exponential and logarithmic 
function. Let us begin with the derivative formulas for exponential functions. 

1. Exponential Functions 


DERIVATIVE OF NATURAL EXPONENTIAL FUNCTION 


(e*y = e* 


Proof 


(Derivative of Natural Exponential Function) 

Let /(x) = e\ then by the definition of derivatives 


/'(*) = lim 

h-+ 0 


f(x + h)-f(x) 


= lim 

h ->0 


e x+h -e x .. e x (e h -1) 

---= lim—-— 

h *-* 0 h 


e x • lim 

//-»() 


e h -1 


We are unable to evaluate this limit using the techniques we have learned before But :ne 
calculations in the following table helps us to guess it correctly. 


—^ h t— 


h 

-0.1 

-0.01 

-0.001 

0 

0.001 

0.01 

0.1 

e h -l 

h 

0.9516 

0.9950 

0.9995 

1 

1.0005 

1.0050 

1.0517 


The table tells us that, lim 


e k -l 


h^O h 


= 1 . 


So, f'(pc) = e x ■ 1 = eh 




41 Find the derivative of the function f(pc ) = x' 2 e x 


By the Product Rule, 

/'(x) = (x 2 e x )' = (x 2 )V + x 2 (e x )'- 2xe x +x 2 e x = xe x (x + 2). 


Diffcrrnfiadnn 
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Find the derivative of the function/(x) = (e x + l) 2 . 


Solution By the General Power Rule, 

f'(x) = |(c* +1)5 ■ (e* + 1)'= ^e x (e x + l)l 


CHAIN RULE FOR NATURAL EXPONENTIAL FUNCTION 


(„»>)' = e » ./'(x) 


44 Find the derivative of the function /(x) = e 1 


By the Chain Rule, 

/'(x) = e 3x+1 • (3x + l)' = 3e 3l+1 . 


45 Find ^ if/(x) = 
ax 


xe 


By the Product Rule, 


^ = 1 • e* 2-1 + x • e' 2_I • (x 2 -1)' = e xi ~ l + 2xV M = e* M (2x 2 + 1). 
dx 


DERIVATIVE OF EXPONENTIAL FUNCTION 


(a x )' = a x In a , asl* 


Proof (Derivative of Exponential Function) 

By using the identity a = e lna we can rewrite the expression as 

/(x) = a x = e lna ' = e xb,a (by the property of logarithm) 
f\x ) = e xina In a = e** • In a 
fX x ) = a x In a. 


46 Given that/(x) = 3*, find /'(x). 


Solution fXx) = 3" • In 3 










Example 


47 Find the derivative of the function f(x) = e x ■ 2'. 


Solution By the Product Rule, 

f'(x) = (e x )' ■ T + e* ■ (2 X )' = e x 2 x + e x 2 x \n 2 = (2e) x (ln 2 + 1). 


CHAIN RULE FOR EXPONENTIAL FUNCTION 


(a m y = a f(x> -In a-f'(x) , ae r 


Example 


48 Find the derivative of the function f(x) = 5 <2+1 . 


Solution By the Chain Rule, 

f\x) = 5^ +l ■ In 5 •(x 2 +1)'= (In 5) -2x -5 X **\ 


Example 


49 lf /w : 


3 2x+l 

x 2 +1 


, find/'(x). 


Solution f'(x) = 
/'(*) = 
f\x) = 


(3 2x+1 y • (.x 2 +1) - 3 2x+1 • (x 2 +1)' 
(x 2 +l) 2 

3 2t+1 In 3-2-(x 2 +l)-2x-3 2x+l 
(x 2 +1) 2 

2 • 3 2x+1 [(x 2 +1) • In 3-x] 

(x 2 +1) 2 


(by the Quotient Rule) 
(by the Chain Rule) 


Check Yourself 10 

Find the derivative of each function. 

2. g(x) = e x ’ +3x2+1 


1. /(x) = 2xe x 
4. f(x) = e 2 '-' 

7. g(x) = 3 x2 + x + i 

Answers 

1. 2e x (x + 1) 

4. 2e 2t -‘ 

7. 3 i2+x + 1 • ln3 • (2x + 1) 


5- g(x) = (x + l)e 

o4x+l 

8. h(x) = 


,.T 2 - 1 


X 2 — 1 


2. e x3 + 3x2 + 1 • (3x 2 + 6x) 

5. e* 2 " 1 • (2x 2 + 2x + 1) 

2 ■ 3 ,)x+1 • (2 In 3 • (x 2 -1) - x) 


8 


(x 2 -!) 2 


3- /(x) = e**"** 
6. /(x) = e x • 3 X 


3. e x3 -^ • (3x 2 - e x ) 
6. e 1 • 3 X (1 + In 3) 


k 


DiffvmUialion 
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2. Logarithmic Functions 



Find the derivative of the function/(x) = x In x. 


By the Product Rule, 


f\x) = (x)Mnx + x -(lnx)'= 1 -lnx + x —= lnx +1. 

x 


51 Find the derivative of the function /(x) = In 4x ? ' 


We can mite vx =x 5 . Now 


f\x) = (In x 3 )' = (|ln x)'= | • -= A 
o 5 x ox 



52 Find the derivative of the function f(x ) = (In x + x) 2 . 


Applying the General Power Rule, 
/'(x) = 2(ln x + x) • (In x+ x)' 


/'(x) = 2(ln x + x) 


(1 ^ 
-+1 

x 


(by the General Power Rule) 

(by the Sum Rule and the derivative of In (x)) 




Find the derivative of the function/(x) = ln(x 2 + 3x + 1). 


f'( _ ( %2 +3x + iy _ 2x + 3 

x 2 + 3x 4-1 x 2 + 3x + 1 


Solution 


















Proof (Derivative of Logarithmic Function) 

Let/(x) = log,, x, then a" = x. 

Differentiating both sides of the equation a = v\ith respect to x, we get 
a (In a)f'(x) = 1. 

Note that we are looking for/(x). 

/'(*) =-^— = —p— 

a In a \ In a 


Example 


54 Find the derivative of the function/(x) = log 2 x. 


/'(x) = 


1 


xln 2 



S3SS9 55 Find the derivative of the function/(x) = log,(x 3 + 2x). 


Solution 


f'(x) = 


(x 3 +2x-y 
(x 3 + 2x) • In 2 


3x 2 + 2 
(x 3 + 2x)ln 2 


3-5 


Find the derivative of the function/(x) = e I ' +31 • log 3 (2x - 4). 


Solution 


By the Product Rule, 

f'(x) = (<?* 2+3 T • log 3 (2x - 4) + e j2+3 ' • aog 3 (2x - 4))' 

f'(x)= e x2+3x ■ (2x + 3) • log 3 (2x - 4) + e x2+ix ■ ---. 

J 83 (2x-4)ln3 


/Jifjrrr/Uintiun 
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Check Yourself 11 

Find the derivative of each function. 


1. f(x) = x 2 In x 
4. f(x) - ln(x 2 - 5x + 1) 
7. f(x) = log. 2 (x 2 + 5x - 


2. g(x ) = In \[x* 

5. h(x) = [ln(x 2 + x + 1))* 
8. g(x) = log., [In (x 2 + 1)] 


3. h(x) = (e x + In x) 2 
6./(x) = ln(e* + 2) 

9. g(x) = log 2 ^ + x - 1) 


Answers 

1. x(21nx + 1) 2. — 

7x 


3. 2(e x + lnx) (e* + 


4. 


2x-5 
x 2 - 5x +1 


5. 21n(x 2 + x + 1) •(• 


2x + 1 . 
x 2 + X + 1 


6 . 


e x 

e x +2 


2x + 5 

(x 2 +5x-l)ln2 


8. 


_2x_ 

(x 2 + I)[ln(x 2 + l)]ln3 


9 2(e A + l)log(e x + x -1) 
(e v +x-l)lnlO 


3. Logarithmic Differentiation 

Sometimes the task of finding the derivative of a complicated function involving products, 
quotients, or powers can be made easier by first applying the laws of logarithms to simplify 
it. This technique is called logarithmic differentiation. Let us look at some examples. 


MSBUBm 57 /(x) = x(3x - l)(x 2 + 3) is given. Find the first derivative of / by using logarithmic 

dif ferentiation. 


iutio'. /(x) = x(3x - l)(x 2 + 3) 

ln/(x) = In [x(3x - l)(x 2 + 3)] 

f-e c In f(x) = In(x) + ln(3x - 1) + ln(x 2 + 3) 


In ( ab ) = In a + In b 
a, b > 0 


Ax) _ i 
/(x) 


3 +. 2x 


3x — 1 x" + 3 


Ax) = /(x)(i+-^-+-|^) 

x 3x -1 x + 3 


1 


Ax) = x(3x-l)(x 2 + 3)(-+ 


2x 


x 3x -1 x + 3 


) 




(take the logarithms is of both sides) 
(write logarithms as sums) 

(take derivatives of both sides) 

(isolate f\x)) 

(substitute forf(x)) 
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58 Find the derivative of the function /(x) = - 




x 2 +l 


(2x + l) 7 

First find the logarithms of both sides of the expression: 


c c c c c 

ln(f-) = In a -lni> 
b 

1 na p = p lna 
a, b > 0 




1 ,r;-^ 

A 

ln/(x) = In 

X 5 • Vx 2 +1 

V 

(2x +1) 7 J 


=-^-ln x+iln(x 2 +1)-71n(2x+1). 


Now differentiate both sides of the equation with respect to x: 


fXx) _ 3 1 | 1 1 

/(x) 5 x 3 x 2 +1 


■ 2x — 


f'(x) = f(x) 


2x 


7-2 
(2x +1) 

14 


-+ ' 

5x 3x 2 +3 2x +1 


3 _- 

c 5 • \jx 2 + 1 
(2x + l) 7 


2x 


14 


-1+- . 

5x 3x 2 +3 2x +1 


If we had not used logarithmic differentiation here, finding the derivative would have been 
long and complicated process. 


Example 


59 Given that x > 0, find the derivative of f(x ) = x\ 


Solution First find the logarithms of both sides of the expression: 

In f(x ) = In x r = x • In x. 

Differentiate both sides of the equation with respect to x: 

- — = x' • In x + x • (In x)'=l + ln x 
fix) 

fX x ) = /(x)(l + In x) = x*(l + In x). 


Check Yourself 12 

Find the derivative of each function by using logarithmic differentiation. 


1. f{x) = (3x - l)°(x 3 + l) 6 


2- fix) = - 


( x 2 -!) 11 


4~x 


3. f (x) — 


x 2 +l 
x 2 — 1 


4. g{x) = x x 


5. h(x) = x lr 


6- fix) = (lnx) 


lnx 


Answers 

x | 15 18x 


,2 \ 


3x -1 x +1 


(3x-1) 5 (x 3 + 1) 6 


2. |2x + -^^-1_\ e^ +1 -(x 2 -l) 1 

x -1 2x 


Vx 


Differentiation 


(x 2 -l)(x 2 + l) Vx 2 -1 


. 4/^l±l 4. 


1-lnx 4 21nx e l-ln(lnx) 1 


-x x 5. 


-■x 


6 . 


xln 2 x 


•(lnx) L 
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B. DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 


Let us begin by looking at the derivatives of the sine and cosine functions. 


DERIVATIVES OF SINE AND COSINE 


(sinx)' = cosx 


(cosx)' = -sinx 




Find the derivative of the function/(x) = (sinx + cosx) 2 . 


/'(x) = 2(sin x 4- cos x) (sin x 4- cos x)' 
/'(x) = 2(sin x 4- cos x) (cos x- sin x) 
/'(x) = 2(cos 2 x- sin 2 x) 

/'(x) = 2 cos 2 x 


cos 2x - cos 2 x - sin 2 x 


(by the General Power Rule) 

(by the sum, derivative of the sine and cosine) 
(simplify) 

(by the trigonometric identity ) 


Now let us derive the formula for the derivative of the function/(x) = sin x. 


Proof 


(Derivative of Sine Function) 

By the definition of the derivative, we have 

0 h h ~*° h 




sink - 

inn-= 1 

h 


cosfe-1 _ 
lim-;-= 0 

fc ->0 h 


r „ v sinxcos/i + cosxsin/z-sinx 
f (x) = lim-= lim 

/z-»0 \i k—>0 


sinxcos/z-sinx + cosxsin h ^ 
h h j 


f\x) = lim 
J v 




smx 


cos/z-1 


4- cos x 


sin/i 


cos//-3 sin// 

= lim sin x -lim— — Him cosx ■ 

/ z —>0 /<-»() /2 ft -»0 


/'(x) = sin x • 0 + cos x • 1 = cosx. 



Find the derivative of the function /(x) = x • sin x. 


By the Product Rule 

f\x) = (x • sinx)'= (x) / -sinx+ x *(sinx)'= sinx+ xcosx. 



Dcrimlirf 





























e 


62 Find the derivative of the function /(x) = 


cos* 


f\x) = 


/ \ 


cosx 


V 


_ (e x Y • cosx-e x ■ (cosx)' 


cos 2 x 


(by the Quotient Rule) 


/'(*) = 




e x cos x + e x sinx 
cos 2 x 

e* (cos x +sinx) 
cos 2 x 


(differentiate) 

(simplify) 



■sea 63 Find the derivative of the function/(x) = cos(x 3 - x). 

f\x ) = (cos(x 3 -x ))'= -sin(x 3 -x) -(x 3 -x) '= -sin(x 3 -x) -(3x 2 -1) 


Find the derivative of the function /(x) = sin 3 x 2 . 


Solution 


ee e 

sin 2x = 2sin cos x 


In this example we have the composition of three functions. 

/(x) = sin°x 2 = sim r )F 

We apply the Chain Rule beginning from the outermost function: 

/'(x) = ((sii. v : i)’)'= 5(siiii \ 1 •(‘■ini v : )' 

f\x)= 5(M!i v •Los.i v' -(v)' 

/'(x) = 5( ■ : . A ) : • \ -2x 

f\x ) = 10xsin(x 2 )cos(x 2 ) 


y; 5 Find the derivative of the function /(x) = (sin (e x ) - cos (lnx)) 100 . 
/'(x) = [(sin (e x ) - cos (lnx)) 100 ]' 


/'(x) = 100 • (sin (e x ) - cos (lnx)) 99 • (sin (e x ) - cos (lnx))' (by the General Power Rule) 


f '(x) = 100- (sin (e x ) - cos (lnx)) 99 • (e v cos (e x ) + 


bill X) 

X 


) (by the Chain Rule 
for sine and cosine) 




S3 




















Check Yourself 13 


Find the derivative of each function. 


1. /(x) = x - 3 sin x 2. /(x) = xcos x 


4 . m =—^-— 

sin x + cos x 

7. /(x) = cos 2 (ln x + 1) 

Answers 

1. 1 - 3cosx 


5. f(x) = cos 2 (x 2 + x - 1) 
8. /(x) = e x sin(e') 

2. cos x - xsin x 


^ 2-e*sinx 
(sinx + cosx) 2 

^ -sin(2inx+2) 
x 


5. -sin(2x 2 + 2x - 2) • (2x + 1) 
8. e I (sin(e I ) + e x cos(e x )) 


3. 


m= 


sinx 
1 + cosx 


6. /(x) = sin(e v + x 2 ) 


1 + cosx 

6. cos(e v + x 2 ) • (e x + 2x) 



Example 


Find the derivative of the function /(x) = tan(x 2 - 3x + 1). 


Solution 


Example 


67 


Solution 


f'(x ) = sec 2 (x 2 - 3x + 1) • (x 2 - 3x + 1)' = sec 2 (x 2 - 3x + 1) • (2x - 3) 

or = (1 + tan 2 (x 2 - 3x + l))(2x - 3). 

Find the derivative of the function/(x) = esc (In x). 

1 esc (In x) • cot (In x) 

f'(x) = -esc (In x) • cot (In x) • (In x)' = -esc (In x) • cot (In x) • — =-— -—— 


Example 


68 


Solution 


Find the derivative of the function/(x) = e' col ' x . 

/'(x) = e~ co,2x ■ (-cot 2 x)' = e~ colh: ■ (-2cotx)' • (cotx)' = e™ 2 * ■ (-2cotx) • (-csc 2 x) 


/'(x) = 2e‘ cot2x • cotx • csc 2 x 



/ Jirimtirrs 

















Example 


secx 


(tffj Find the derivative of the function f'(x) =- 

1 + tan x 


By the Quotient Rule, 


f\x) = ( sec x)' • (1 + tan x) -sec x •(! + tan x)' by thg Quotim 
(1 + tanx) 2 

x secxtanx* (1 + tanx) -secx sec 2 x 

/(*) = -- 77 —- 7 - ( differentiate, 

(1 + tanx) 

secx(tanx + tan 2 x-sec 2 x) 

/ (*) =-7;-7- 

(1 + tan x) 2 


f\x) = 


secx(tanx-l) 
(1 + tanx) 2 


( factorize) 

(simplify using tan 2 x + I = sec 2 v) 


Check Yourself 14 

Find the d 
1- /(*) = 


Find the derivative of each function, 
tanx 


3. /(x) = e'csc x 

5. f(x ) = tan 2 (ln x) 

Answers 

1 xsec 2 x-tanx 
' x 2 

3. e'csc x (1 - cot x) 

- 2 tan (In x) • sec 2 (ln x) 
x 


2. f(x) = 4 sec x - cot x 
4. /(x) = ln(tan x) 

6. /(x) = cot(x 2 - x + 1) 

2. 4secxtanx + csc 2 x 
„ 1 


sin x cos x 

6. csc 2 (x 2 - x + 1) • (1 - 2x) 



/ h/frrcnlin/in/i 
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If fix) = |g(x)|, then f'(x) = • 


C. DERIVATIVES OF SPECIAL FUNCTIONS 

1. Absolute Value Functions 

\g\x), g(x)> 0 
{-g'(x),g(x) <0 

In general, a derivative does not exist when the function has 0 as 
value because of a ‘comer’ as demonstrated in the graph on the right. 

When g(x) = 0, the derivative exists only when the right-hand side and the left-hand side 
derivatives are equal to each other. 

We can also formulate the derivative expression as follows: 



/'(*) = 


I g(x )| 

g(x) 


g\x) = sgn[g(x)] g'(x), g(x) *0. 


70 Find the derivative of the function/(x) = 11 - x 2 | at the points x = 2, x = 1 and x = 0. 


Solution 


Let us begin by trying to rewrite the function as a piecewise function. 
The roots of the function are x = -1 and x = 2. 


Q C CC Ci 

A piecewise function is a 
function that is defined 
by different formulae in 
different parts of its 
domain. 


Then the function / will be /(x) = 



Let us find /'(2): 


Note that/(2) * 0. 

For x = 2, f'(x) = (x 2 - 1)' - 2x. 


So,/'(2) = 2-2 = 4. 


x < -1 and x > 1 
-1 <x <1 


Let us find/'(l): 



Since/(l) = 0, we will check the left-hand and the right-hand derivatives. 
For x < l,/'(x) = (1 -x 2 )' = -2x. 


So,/'(!') = -2 • (1) = -2. 

Forx > l,/'(x) = (1 -x 2 )' = 2x. 
So,/'(l + ) =21=2. 

Since/'(l ) does not exist. 

Let us find/TO): 

Note that/(0) * 0. 

Forx = 0 ,/'(x) = (1 -x 2 )' = -2x. 

So,/'(0) =-2-0 = 0. 




Ijerirn tires 










Example 


71 Given that/(x) =. |x 3 - 4x 2 + 4x |, find the derivative of/(x) at the point x = 2. 


Solution 


( -x 3 +4x 2 -4x,x <0 

. 

x 3 - 4x 2 + 4x, x > 0 

Since/(2) = 0, we will check the left-hand and the right-hand derivatives. 

For 0 < x < 2, /'(x) = (x 3 - 4x 2 + 4x)' = 3x 2 - 8x + 4 
/'(2") = 3 • (2) 2 - 8 • 2 + 4 = 0. 

For x > 2, fix) = (x 3 - 4x 2 + 4x)' = 3x 2 - 8x + 4 
/'(2 + ) = 3 • (2) 2 - 8 • 2 + 4 = 0. 

Since the left-hand and the right-hand derivatives are equal to each other, the derivative of 
the function exists at the point x = 2 and/'(2) = 0. 


Example 


72 


Given that/(x) = |x-x 2 |, find/'(2) and/'(3). 


I X — x 2 1 

Solution Since/(2) * 0 and/(3) * 0, we can use the formula /'(x) =-r-h(l-2x). 

x-x 

/'(2) = • (1 -2 • 2) = -1 • (-3) = 3 

/'(3) = -2 -3) = -1 -(^5) =5 


Example 


73 Given that/(x) = | cos x |, find the derivative of/(x) at the points x = — and x = n. 

3 


Solution For x = —, cosx > 0. So,/(x) = cosx and f'(x) = -sinx. 

“v/3 

For x = n, cosx < 0. So,/(x) = -cosx and/'(x) = sinx. 
f'(n) = shut = 0 


Example 


74 


Solution 


Given that/(x) = |x 3 — 91 + x 2 , find/"(2). 

For x = 2, x 3 - 9 < 0 and so /(x) = -x 3 + 9 + x 2 . 
If w’e take the derivative twice, 


f'(x) = -3x 2 + 2x 
f"(pc ) = -6x + 2. 

Therefore,/"(2) = -6 • 2 + 2 = -10. 


Dijjcrmlintion 
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Check Yourself 15 

1. Given that f(x) = | x 2 - 3 x |, find/'(3) and/'(5). 

2. Given that /(x) = |x' 1 -’2x 2 + 11 , find the derivative of f(x ) at the point x = 1. 

3. Given that /(x) = |sin x|, find /'(—) and 

6 2 

Answers 

fo 

1. does not exist; 7 2. 0 3. _• 0 

2 


2. Sign Functions 

Note that a sign function has the range (-1, 0, 1}. When 
it takes -1 and 1 as its value, the graph is a horizontal line. 
Since the slope of a horizontal line is 0, we have 0 as the 
derivative. When the function takes 0 as its value, the 
graph has a discontinuity So, the derivative does not exist. 
Look at the graph on the right: 

In conclusion, if f(pc) = sgn (g(x)). then 

[°. 

[does not exist, g(x) =0 


y* 

slope 

1 V 



—t— 

slope - 0 

A 

no slope 

>-l 


Given that /(x) = sgn(x 2 - x), 

find the derivative of/(x) at the points 

x = -2 and x = 1. 

We begin by finding the value of 
/(-2) and/(l): 

/(-2) = sgn((-2) 2 - (-2)) = sgn(6) = 1 
/Cl) = sgn(l 2 - 1) = sgn(0) = 0. 

Since /(-2) * 0, /'(-2) = 0. 

Since/(l) = 0, /'(1) does not exist 
( f(pc ) is not continuous at x = 1). 
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76 Find the largest interval on which the function/(x) = sgn(x 2 - x - 6) is differentiable. 


Diffrrenlialii 


We can rewrite the function as a piecewise function: 

1, x < -2 and x > 3 
f (x) = < —1, -2 < x < 3 

0, x = -2 and x = 3 


Since/(x) is not continuous at the points 
x = -2 and x = 3, it is not differentiable. 
It has a derivative at all other points, and 
this is equal to zero. 

So, the largest interval on which / is 
differentiable is R \ {-2, 3}. 


y> 

l y=.m 

- 2 , 

(. 


,3 , 


F 


X 



-1 

1 


3. Floor Functions 

[o, g(x)i z 

If/Cx) = lg(pc)J, then f'(x) = \ 

[may not exist, g(x) e Z 

When g(pc) e Z,/(x) is certainly continuous and differentiable. However, when g(x) £ Z, we 
cannot be certain. It may be differentiable or not. In order to determine whether a floor 
function is differentiable or not at a given value, we check the left-hand and the right-hand 
derivatives. 


77 


Given that f(x) = 


r 2x +1_ 


find the derivative of/(x) at the points x = 2 and x = 4. 


For x = 2, + ^ ^ g Z. Since the expression is not an integer for x = 2, /'(2) = 0. 

2 

For x = 4, —-= 3 e Z. Here we have to find the left-hand and the right-hand derivatives, 

u 

Oy 1 

because the expression —- is an integer for x = 4. 

3 

■W4- x-4 4"-4 O' 

^ x-4 4 + -4 0 + 

Since/'(4~) ^/'(4 + ), /'(4) does not exist. 
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Example 


?8 Given that/(x) = [sin xj, find /'(—) and f'(n). 

6 


Solution 


sin(—) - — e Z. So, /'(—) =0. 
v 6 2 6 


At x = 7t, /(x) is not continuous (see the graph). So, it is 
not differentiable. Thus the derivative of /(x) does not 
exist at this point. 


1 

-nf2 

. + 

i k 

2n 



n/2 ] 


X 

• -c 

>-l 6 — 

y =/(.v) 



Example 


79 Given that/(x) = [x 2 J, find/'(0). 


For x = 0, /(x) = 0 e Z. So, we have to find the left-hand and the right-hand derivatives of 
the function /(x) = [x 2 ] at the point x = 0. 

x—*0~ X - 0 x-*(T x-0 0 

fX 0+) = lim = Hm I x2 ]l- Q = _g_ = o 

x-*o* x-0 x-*& x-4 0 + 

Notice that if —1 < x < 1, [x 2 ] = 0. 

Since /'(0) = /'(0 + ), the derivative of fix) = [x 2 ] exists at the point x = 0 and/'(()) = 0. 


80 Given that f(x) = x|x| + [x]sgn(x), find /'(—)• 

2 


Solution For x = — 

2 ) 


, we can rewrite the function as /(x) = x- x+ l l=x 2 +l. 


For x = |^—j , we have the same function/(x) = x- x + l l=x 2 +l. 

So, for x = — we have/'(x) = 2x. That gives/'(—) = 2 • — = 3. 

2 2 2 


Check Yourself 16 



1. Given that/(x) = sgn (x 2 + x), find/'(-l) and/'(2). 

2. Given that/(x) = [cos x], find /'(—) and/'(—). 

O Z 

3. Given that/(x) = |x 2 + 3x - 4| + [x 2 ] + sgn (x 2 - 1), find/'(0). 

Answers 

1. does not exist; 0 2. 0; does not exist 3. -3 


Derivatives 


















D. IMPLICIT DIFFERENTIATION 

Up to now we have worked with the functions expressed in the form y = f(x). In this form, 
the variable y is expressed easily in terms of the variable x. A function in this form is said to 
be in the explicit form. However, some functions cannot be written in explicit form. Consider 
the following equation: 

y° 4- y + x = 0 

If we are given a value of x, we can calculate y in this equation. However, we cannot write 
the equation in the form y = /(pc). We say that x determines y implicitly, and that y is an 
implicit function of x. Look at the same more implicit functions: 

x° + 2 xy 2 - 3 y 4 = 7 
y-2y 2 = x 
x 2 - y % + 4y = 0 

How can we differentiate an implicit function? Recall the Chain Rule for differentiation. In 
an implicit function, y is still a function of x, even if we cannot write this explicitly. So, we 
can use the Chain Rule to differentiate terms containing y as functions of x. For example, if 
we are differentiating in terms of x, 

(y 4 Y = [(fix)) 4 ]' = 4(f(x))T(x = 4? /V or (y 4 y = if f, 

ax 

(7 y)' = 7 y' or (Jy)' = 7 & 

ax 

The procedure we use for differentiating implicit functions is called implicit differentiation. 
Let us summarize the important steps involved in implicit differentiation. 


IMPLICIT DIFFERENTIATION 


Differentiate both sides of the equation with respect to x. Remember that y is really 
a function of x and use the Chain Rule when differentiating terms containing y. 

Solve the resulting equation for y or — in terms of x and y. 

dx 


■SSI 81 Find y r given the equation y 5 + y + x = 0. 


(l/ 5 + 2/+ X)' = (0)' 

(differentiate both sides) 

(y s y+(y)'+(xY= 0 

(by the Sum Rule) 

5y 4 y' + y' +1 = 0 

(by the Chain Rule) 

y'(5y 4 +1) = -1 

(factorize) 


(isolate y') 


Differentiation 
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I| •„ Find — given the equation z/ 3 - y 2 x + x 2 -1=0. 


dx 

(y 3 ~y 2 x+x 2 -iy=(0)' 

+ - =0 

■\ti . + - =0 

dx dx 


{differentiate both sides) 

(by the Sum Rule) 

(by the Chain Rule and the Product Rule) 
(factorize) 


(isolate —) 
dx 


“p(3y 2 ~2yx) = y 2 -2x 

dx 

dy _ y 2 - 2x 
dx 3y' 2 - 2yx 

83 The equation x 2 + y 2 = 4 is given. 

a. Find — bv implicit differentiation. 

dx 

b. Find the slope of the tangent line to the curve at the point (73, 1). 

c. Find the equation of the tangent line at this point. 

a. Differentiating both sides of the equation with respect to x, we obtain 
(x 2 +2/ 2 )' = (4)' 

(x 2 y+( y 2 y=o 

2x + 2y— = 0 
dx 


dy I 

dx |( tt> b) 

is used for slope of the 
curve at the point (a, b). 


dy X , 

~T = — (y* 0 ). 
dx y 

b. The slope of the tangent line to the curve at the point (V3, 1) is given by 


dy 

m = — 
dx 


(V 3 . 1 ) 




I) 


1 


c. We can find the equation of the tangent line by using the point-slope form of the 
equation of a line. The slope is m = -73 and the point is (73, 1). Thus, 

y-Vx = m(x - x,) 

y- 1 = -73(x - 73) 

73x -f y - 4 = 0. 

A sketch of this tangent line is given on the right. 

The line x + 73 y - 4 = 0 is tangent to the graph 
of the equation x 2 + y 2 = 4 at the point (73, 1). 











84 Find the derivative with respect to x of the implicit function yjx 2 + if + x 2 = 2. 


bijjhvuliutinn 


Differentiating both sides of the given equation with respect to x, we obtain 


A (I = +9 ! r+-f (I ») = A (2 ) 

ax ax ax 

— (x 2 + y 2 ) 1/2 —(x 2 + y 2 ) + 2x = 0 
2 ax 

-(x 2 + y 2 )- 1/2 ( 2x + 2 y&) + 2x = 0 
2 dx 

2x + 2 y^- = -4x(x 2 + y 2 ) 1 ' 2 
dx 

2w — = -4x(jc 2 + y 2 ) U2 - 2x 
dx 


dy _ -2xsjx 2 + if - x 
dx y 



Check Yourself 17 

1. Find — bv implicit differentiation, 
dx 

a. x 3 + x 2 y + y 2 = 5 
c. e x e ,J = 1 


b. x 2 y + xy 2 = 3x 
d. e'ln y - 1 


2. Find the equation of the tangent line to each curve at the given point. 

a. x 2 y 3 - y 2 + xy- 1 = 0; (1, 1) b. ±1-^ = 1; (-5, -) 

16 9 4 


c. x 3 +z/ 5 =4; (1, 3V5) 


d. In y = xy, (0, 1) 


Answers 

. -3x 2 - 2xy 

1- a. — „ 0 y 
x 2 +2 y 

o 3 ^5 

2. a. y — ——xH— 

2 2 


b 3 - 2xy - y 1 
x 2 + 2 xy 


b. y = —x-4 
4 


c. -1 


c. y = -V3x + 4V3 


d. -y\ny 
d. y = x + 1 
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E. DERIVATIVES OF PARAMETRIC FUNCTIONS 

Sometimes we express the variables x and y as functions of a third variable t by a pair of 
functions. 

* = /CO. y = 5(0 

Functions like these are called parametric functions, and the variable t is called the parameter. 


PARAMETRIC DIFFERENTIATION 



Example 


dy 

This enables us to find the derivative of a parametric function (^-) without having to 
eliminate the parameter t. 

85 Find the derivative with respect to x of the parametric curve x = t + 2 and y = 2f 2 - 1. 
dy 


Solution f'-jL.iU* 

dx dx 1 

dt 


If a is a positive constant and x = a cos t, y = a sin t, then find 


dy 

dx 


dy 

dy dt a cos t 

-Z. = -QL- =-= -cot t 

dx dx_ -a sin t 

dt 


Example 


87 The parametric curve is given by the equations x = yjt +1 and y = t 2 + 3 1. Find the slope of 
its tangent at x = 2. 


Let us begin by finding in terms of t. 

dx 


dy jd 2 

dy _ dt _ dt_ 

dx dx d 


2t + 3 
1 


= 2(t + l) 1/2 (2t + 3) 


dt dt 2-v/t + l 

For x = 2, x = Vt + 1 = 2. So, f = 3. 

m = ^-| ( _ 3 = 2 (t + l) 1/2 -(2t + 3)1 =2 (3 + 1) 1/2 <2 -3 + 3) = 2 -2 -9 = 36. 

dx lt ~ 6 
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The parametric equations x = 1 +e‘" \ y - t 2 + lnt describe a curve in the plane. Find the 
tangent line to the curve at t = 1. 


Solution 


First we need to find in terms of t: 
dx 


dy 9f+ \ 

dy= dt _ t _ 2t 2 +l 1 _ 2t 2 +1 

dx dx e 1 ' 1 t e l ~ x te‘~ l 

dt 



t=i 


2t 2 +1 
te 1 ' 1 


21 2 + 1 _3_ 0 
le 1 ' 1 1 


If t = 1, then x = 1 + e' -1 = 1 + e l_1 = 2 and y = t 2 + lnt = l 2 + In 1 = 1 + 0 
Therefore, the line is tangent to the given curve at the point (2, 1). 

The equation of the line passing through (2, 1) with the slope to = 3 is 
y - 1 = 3(x - 2) 
y = 3x - 5. 


1 . 



Example 


89 A parametric curve is given by the equations x = 1 + e\ y = tV. 
Find the second derivative 


dx z 


,2 • 


Solution First, we find ^ in terms oft- d y _ dt _ dt _ 2te ' tljll 


^ — (iV) 


dx dx dx d_ , 

dt dt 

dy _ d ,dy _ d . 2 


— 1 ~ + 2t. 


Then, we differentiate —with respect to i: — = — (r 4- 2t) = 2t + 2. 

ax dt dx dt 

Finally, we divide the result by — = e‘ to obtain - V = + ^ 

dt dx 2 e‘ ' 



Differentia l ion 
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90 Find iLE, if x = 2t - t 2 and y = 1 - t 3 . 
dx 2 


First, find — in terms of t: — = -fp- = 

dx ’ J ~ J 


dy d L n~t 3 \ 

^ t ) -3f 2 


dx dx d , 0i 2 -2 1 


dt dt 


(2 t-n 


T u j-pp t . , dy ... ff , d ,dy. d, 3t 2 . - 6 t• (2-2t)-(-3f 2 ) (-2) 

Then, differentiate — \Mth respect to t: —(—) = —(-) =- 

dx dt dx' dt 2 - 2 r 


it- ii j- • j .i u , dx dx d y - 12 t + 12 t - 6 t 6 t 2 - 12 t 

Finallv, divide the result by —: —: —v =---=-- 

} At At A~ 2 l-c, o+\2 fc\ D,\ n /i *\3 


( 2 - 21) 2 
31 


df dt dx 2 (2 — 2t) -(2-2t) 8 ( 1 - 1 ) 4(t- 1 ) 


•2 ' 


91 


Find the second derivative of the paremetric curve 
given by x = 1 + e l and y = 1 - sin f. 


First, f<£,_£2!i 
ax e 

o i d ,dy. sint -e l -(-cost)e' sint + cost 

Second, — (-/) =- 7 -— =- 7 -. 

dt dx e e 


,, d 2 y sint + cost sint + cost 

My ' — 7 ^—?— 


Check Yourself 18 



dy 

1. Find ~r~ for each pai'ametric curve. 
dx 


a. x = 2t + 3, y = t 2 - 1 

b. x = 5cos t, y = 5sin t 

dry 

2. Find —f- for each parametric curve. 
dx‘' 

a. x = In t, y = 1 + sin t 

b. x = 3t 2 + 2, y = 2t 2 - 1 

Answers 


1 . a. f 

b. -cot t 

2 . a. fcos t - t 2 sin t 

b. 0 


c. x = 


t -1 
f + 1 ’ 


y = 


t + 1 
t -1 


C. 


— = V4 + sin 2 t, x = cos 21 
dx 



1 

4>/4 +sin 2 1 


/>•/?!- 
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F. DERIVATIVES OF INVERSE TRIGONOMETRIC 
FUNCTIONS 

In order to find the derivatives of the inverse trigonometric functions, we can use implicit 
differentiation. For example, what is the derivative of Arcsin x ? 

7C TC 

Let y = Arcsinx, then sin y - x and — < y < —. 

2 2 


Now, if we differentiate sin y = x implicitly with respect to x, 

dy , dy 1 

we get cos y • = 1 or -^ =-. 

ax ax cos y 


cos y > 0, since <y <^. So,cos y = yjl -sin 2 2/ = ^ 


-x 2 . 


1 



Therefore, —(Arcsin x) = —-— = . . 

dx cosz/ Vl-x 2 

We can use a similar method to find the derivative of the other inverse trigonometric 
functions. 


DERIVATIVE OF INVERSE TRIGONOMETRIC FUNCTIONS 

(Arcsin xV = ^— 

Jl-x 2 

(Arcsin /(x))'= —^S^l == 

V1 

(Arccos xY =-7 = 

sh-x 2 

(Arccos f(x))'=- 

Vi -(/(*»’ 

(Arctan xY - — 

(Ai'ctan /(x)) = / 

1 + x 

(/(x)) 2 + l 

(Arccot xY- --—— 

(Arccot/W) — (/( ^y +1 

l + x~ 



Find the derivative of the function /(x) = Arcsin (x 2 ). 


Solution 


f\x) = (Arcsin(x 2 ))'= ' ■ - 

Vi-(V ) 2 


2x 

Vl -x 4 



91 Find the derivative of the function /(x) = Arccot (e 3 *). 


Solution 


/'(x) = (Arccot (e 3 *)/ = 


l + (e 3 ') 2 


3 e 3 * 

1 + e 6 * 


Diffwvtitiution 
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Example 


Example 


94 Find the derivative of the function fix) = x 2 - Arccos (e x ). 
Solution By the Sum Rule, 

f\x) = (x 2 - Arccos(e x ))'= (x 2 )(ArccosCe*)) '= 2 x- (- 

95 Find the derivative of the function fix ) = x • Arctan -fx. 


e e 

r) = 2X+ 


^/^-e 


2jc 


Vl-e 2 * 


Solution By the Product Rule, 


f'Cx) = (x Arctan ~Jx)'= 1 -Arctan 7x+ x- \= — •(—x 1/2 ) = Arctan %/x H— 

l + (^) 2 2 2(1 + x) 

■33333 96 Find the equation of the tangent line to the curve/(x) = 2 Arccos — at x = %/3. 


Solution fix) = -2 


x ^ 

L 


- 2 - 


1 - 1 * 


The slope of the tangent line is 3 ) = -2. 


y/4- x 2 


The curve passes through the point (V3, = ^-) since /'(V3 ) = —. 

o o 

The equation of the tangent line is: y- — = -2(x - V3) or i/= -2x+2V^+ — . 

3 3 

Check Yourself 19 

1. Differentiate the functions. 

a. fx) = ie x - Arcsinx) 2 b. /(x) = e^ 05 * 

c. fx) = (Arctan x) 3 d./(x) = In Arccot(x 2 + 5x) 

2. Find the equation of the tangent line to the curve y = Arccos 2x at the point where it 
crosses the y-axis. 

Answers 


2k 


1. a. 2(e v - Arcsin x) 


e - 


1 


d. 


\ 

2x + 5 


VT-x 2 


b.- 




3(Arctan x) 2 
1 + x 2 


Arccot(x + 5x) -(1 + (x + 5x) ) 


K 


2.y = -2x + - 
2 
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A. Derivatives of Exponential and 
Logarithmic Functions 

1, Differentiate the functions. 


a. fix) = 3e* 

b. 

fix) = e 3 *- 1 

c. fix) = e x2 ~' 

d. 

fix) = e - 21 

a> 

II 

*3 

f. 

m = i±y 

g. fix) = e x ■ y 

h. 

fix) = xe x 

i. fix) = x 2 + 2e x 

j- 

,, , e x +1 
f(x)= x 

e -\ 

k. fix) = -Je x - 1 

1. 

fix) = & + x) 1M 

m ./(x) = -=L= 

Ve* + 1 

n. 

fix) = ie x + x)(2e x 

P X -f- P~ X 

o. fix) = -^— 

P- 

fix) = e 2x 

q. fix) = e rx+1 

r. 

^-i 

fix) = e 

s. fix) = e _2t + xV 2_! 

1 t. 

fix ) = 6X ~ 1 

3* + 1 

u. fix) = 3 x2 + 4x 

V. 

c3l+l 

/W = 4—T 

x +e 

$ 

II 

1 

* 

1 

X. 

fix) = 2 fI + 2 - 3* 


2. Differentiate the functions. 

a. fix) = 31nx b. fix) = In 4x 

c. fix) = 3In 4x d. fix) = 31n (2x + 1) 

e. /(x) = lnx 7 f. f{x) = In -Jx 


g. fix ) = log 3 x h. fix) = \og m x 

i. fix) = xlogx j. fix) = log, (x 2 + 1 ) 

k. fix) = In (4x 2 - 6 x + 3) 


X 4 - 1 

1. fix) = In—^ 

n. /(x) = x 2 lnx 
p. /(x) = Vlnx + x 
r. f( x ) = In (x 2 - x) 

t. /(jc) = M^z£) 


m. f (x ) = i n JKJ 
Vx + 1 

o. f ix) = Vlnx 2 

q. /(x) = ln( 7 x - l )" 2 

s. /(x) = e* lnx 

u . ^ (x + lXx-2) 
x — 1 


v. /(x) = log w. /(x) = log 3 ■ ^ + 1 

x + 1 Vx -1 

*• f(x) = ie x - log 2 x 2 ) 3 

y. /(x) = 7 x 2 - log 3 e* 

z. /(x) = aog(l + 0) 3 


3. Find the derivative of each function by using 
logarithmic differentiation. 

a. /(x) = (2x - l) 7 (x 4 - 3) n 

b. fix) = x(x + l)(x 2 + 1 ) 

c. fix) = •v/x^e ^' 1 -(x 3 -x )" 2 


d. 


f(x) = 


V4 + 3x 2 
^/x 2 + l 


e. /(x) = x* 

f. fix) = (lnx ) I+1 


4. Find the equation of the tangent line to the graph 
of y - e * 2 ' 1 at the point P(l, 1 ). 

5. Find the equation of the tangent line to the curve 
y = e x + e~ x at the point ( 0 , 2 ). 

6 . Find the equation of the tangent line to the graph 
of y = x 2 lnx at the point ( 1 , 0 ). 



DiffmntidUon 



























B. Derivatives of Trigonometric 
Functions 


Differentiate the functions, 
a. f(x) = sin (3x - 5) 
f(x) = cos (x 2 - 1) 
c. fix) — sin x - cos* 
fix) = 2 tan .x + sec x 
e. /(x) = sin x-tanx 
/(x) = 2x tanx - x cosx 
. /(x) = cos'(2x 3 - 3x) 


/(x) = sin :i (ln cos 2x) 

„3 


/(*) = 


siru + e 
tanx 


j- /(•*} = ( 


1-cosx 
1 + cosx 


•)* 


k- /(X): 

1 fix) • 
™ fix) ■■ 
n ' fix)- 

° fix) 

P- fix) 
q- fix) 

r /(*) 
S- fix) 

L fix) 
U. fix) 
fix) 


cotx 
1 + secx 

(1 + secx) • (1 - cosx) 
ta.nfx? — x — 1 
cot(x 3 -1) 


1-sec (x -1) 

_ tan(2x-l) 3 
2 + lnx 

= (cos e x + x cos e x ) 2 

= (e^ x + COST + xcos e x f 

. .l + sin2x. 

= m(-) 

l-cos2x 

= [x 2 sin(x - l)] 5 


2 / 

: sec (— 

X -1 


) 


tan 2 [ln(2x 4 - 1 )] 
3 e x -lnx 


= CSC 


c*-l 


8. Find the equation of the tangent line to the curve 
at the given point. 

a. y = e x - COSX +1; x = 0 
y = xcosx; x = n 

For what values of x does the graph of 
f(pc) = x + 2 sinx have a horizontal tangent line? 

C. Derivatives of Special Functions 


Find the required values using the given data: 


a /(x)=i2x-3x 2 i,Ao-)+r 


(dj) 


+ /'(!) = ? 


k /(x) = x 2 + lx] + sgn(x - 2), f'(~ ]= ? 


c. f(x) = (2x + 3) • sgn(x 2 + \)J\f2) = ? 

Q-v 1 

d. fix) = sgn(4x + 5) • [—-—1 f'i 2) = ? 


11. Given that /(x) = | x 2 - 41 -sgn(x 3 + x) + -—-—, 

2x 1 

find the number of different x-values for which the 


function is not differentiable. 

D. Implicit Differentiation 


chi 

12. Find -p- for each equation below. 

dx 

a. 5x - Ay = 3 b xy -y - 1=0 


c. x 3 + x 2 - xy = 1 d. ^ - 3x 2 = 5 

x 

e. 2x 2 + 3 y 2 = 12 f. x 2 + oxy + y 3 = 11 

g. x 2 y 3 - xy = 8 h. y/xy - 3x - y~ = 0 


i. e *+y _ e *-» = i j. \ n -=xy-\ 

y 


13. Find the equation of the tangent line to the given 
curve at the indicated point. 

a. 4x 2 + 2 y 2 = 12; (1, -2) 

b. 2x 2 + xy = 3 yf (-1, -1) 

c. e x « + x 2 = 2x; (1, 0) 

d. ln(x - y) + 1 = 3x 2 ; (0, -e' 1 ) 


/Jerirn tires 
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E. Derivatives of Parametric Functions 

dy 

Find — for each pair of parametric equations. 
dx 

a. x = 3t - 1 and y = t 2 - 2 1 

b. x = t(t 4 - 1) and y = t - j 

c. x = t 3 - t 2 - 1 and z/ = t 2 + 3t + 1 

d. x = y/t + 1 and y = t 2 + 3t 

e. x = yft and y = V4-t 2 

f. x = 4cos£ and z/ = 5sint 

g. x = t + In t and y = 1 - e l 


15. Find the equation of the tangent line at the given 
point P. 

a. x = i + £ 2 , y = t 2 -1 + 1, P(2, 1) 

b. x = 3 e + 2, y = 2£ 4 - 1, P(5, 1) 




dx 2 



x = t 2 -t 

b. 

X — yft + 1 

y = t 3 + 3t + 1 


1 

y — - +1 
* t 

x = e' - 1 

d. 

x = 2sin 2 £ 

V = Inf 


y = 3cos 2 t 


F. Derivatives of Inverse 
Trigonometric Functions 

Differentiate the functions. 


a. /(*) = Arcsin — 


b. /(x) = Arccos 


x 2 -l 


/(*) = 


x - Arcsin x 


f(pc ) = In Arccos 
e. /(x) = Arctan(x 2 + x - 1) 

/(x) = Arctanx - Vl-x 2 
g. /(x) = Arcsin (tan x) 

lb Find the equation of the tangent line and the 

x 

normal line to y — Arcsin — when x = 1. 

2 


Differentiation 


Mixed Problems 


19 Find the given order derivative by finding the first few 
derivatives and observing the pattern that occurs. 


a ' —-57 Ceos x) 
ax 


dx 


,99 


(sin2x) 


^35 

c. ——(xsinx) 


dx 


f 7 51 

d. iL-(c 3 
dx =1 


20. Find the second 
^ function. 

a. x 2 y -1 = 0 
c. i/ 2 + xy = 8 


derivative —of each implicit 
dx 2 


b. x 3 + y A = 20 
d. ^ + ^ = 1 


Write the equation of the line which is tangent to 
the curve 2 / = x 2 — 2|x — 1| at exactly two points. 

2 Find the required values using the given data: 


a. /(x) = Arctan2x+ In Vl + 4x 2 , /'(1) = ? 
b- f(x) = VsinVx, /' 


■2 \ 

7T 

16 

v 


= ? 


c. /(x) = (5x + ir + \f\0) = ? 


7T 

Given that —<x<n, 

2 

differentiate /w= I agn(tanx) 


24. Given that/(x) = x 3 |x 2 - 21, find/'(-2) + /"(l). 

25. Given that /(x) = A 0 ^ , solve f'(x) > 0. 

x 2 -l 


26. Given that /(x) = (2 -a/x + 2) 2 , solve/'(x) = 0. 
O 


27 Given the parametric equations x = z 2 -F 2z - 2, 


O 


y = sin(x + 2), z = In t , find — 

dt 

































CHAPTER SUMMARY 




1. Introduction to Derivatives 


• A tangent line to a curve is a line that touches the curve. 

• The slope of a tangent line to the curve y = fx) at the 
point A(a, /(a)) is 


m = lim 

x-ta 


nx)-m 

x- a 


or 


772 = lim 

h —»o 


f(a + ft) - /(fl) 

h 


• The problem of finding the slope of the tangent line to 
the graph of a function fix ) at the point A(x,/(x)) is 
mathematically equivalent to the problem of finding the 
rate of change of fx). 

• The average rate of change of fix) over the interval 

[x,x + h)is /(* + fe)-/(*). 

h 

The derivative of fix) with respect to x is the instantaneous rate 
of change of fix) and fix) = hm + ^ 


• The process of calculating the derivative of a function is 
called differentiation. 

If f'(a) exists, then the function/(x) is differentiable at a. 

If a function fix) is differentiable on the interval (a, b), 
then it is differentiable for every value in that interval. 

If a function/(x) is differentiable at a, then 
its graph has a non-vertical tangent line at a, 

>> it is continuous at a. 

In the following cases a function is not differentiable at a 
given point: 

>> if its graph has a comer, 
if it is not continuous, 

>> if its graph has a vertical tangent line. 


2. Techniques of Differentiation 

• Constant rule: (c)' = 0 

• Power rule: (x R )' = n • x”' 1 

• Constant Multiple rule: [c • /(x)]' = c • fix) 

• Sum rule: [f(x) + ^(x)]' = fix) + g'(x) 

• Product rule: \f(x) • gix)]' = fix) • g(x) + fix) • g\x) 

. Quotient rule: f 'I&i = A*) g(*)-/(*) <?'(*) 

U(*)j (3(*)) 2 

• Chain rule: [f(g(x))Y = f'(g(x )) • g'(x) 

• General Power rule: [(/(.*))T = n ■ [/(x)]"~ ! • f'(x) 




• The derivative of the first derivative of a function is 
the second derivative of the function. The derivative of 
the second derivative is the third derivative of the 
function. 

• The nth derivative of a function is denoted by / (n) (x). 


3. Derivatives of Elementary Functions 

• Derivatives of exponential, logarithmic and trigonometric 
functions: 


Function 

Derivative 

Chain Rule 

e 1 

e* 

e™ •/'(*) 

a x 

a x • In a 

a Rx) • 1 na ■ fix) 

In x 

1 

/'(*) 

X 

/<*) 

l 0 ga* 

1 

f'(x) 

xlna 

f(x)\na 

sin x 

COS X 

cos f(x) ■ f'(x) 

cos X 

-sin x 

-sin f(x) •/'(*) 

tan x 

sec 2 x 

sec-f(x) - fix) 

cot X 

-esc 2 X 

-esc 2 f(x) •/'(*) 

sec x 

sec x • tan x 

sec fx) • tan /(x) -/'(x) 

CSC X 

-CSC x • cot X 

-esc fix) ■ cot fx) - fix) 


• Logarithmic differentiation is a technique that can be 
used to find easily the derivatives of complicated 
functions involving products, quotients and powers. 

• If/(x) = |g(x)|, then 
= sgn(gC*)) g'(x), g(x) *0. 

9(x) 

- sgn(g(x)), then 

Jo, 30*0*0 

[does not exist, g(x) =0 
= |g(x)]|, then 
JO, g(x)e Z 

[may not exist, g(x) e Z 


/'(*) = ■ 

• If/(*) = 
f'(x) = 

• if m = 

f\x) = 


I rival ires 
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Method of implicit differentiation: 

1. Differentiate both sides of the equation with respect to 
x. (Remember that y is really a function of x and the 
Chain Rule should be used to differentiate the terms 
containing y .) 

2. Solve the resulting equation for y' in terms of x and y. 


Derivatives of parametric functions: 
If x = f(t) and y = g(t), then 
dy 

> dy = dt_ 
dx dx’ 
dt 


dy' 

> d*y _ dy’ _ dt 

dx 2 dx dx 
dt 

Derivatives of inverse trigonometric functions: 


: Function 

Derivative 

Chain Rule 

Arc sin x 

1 

/'« 


yll-X 2 

Vi -(/(*))* 


Arccos x 

-i 

-a*) 


Vl-x 2 

Vi -</(*))’ 


Arctan x 

1 

l + x 2 

a*) 

i+(/«) 2 

Arccot x 

-1 

l + x 2 

-a*) 

i +(/(*» 2 



Concept Check 


What is a tangent line to a curve? 

What is the expression for the slope of the tangent line to 
the curve y = /(x) at the point (a, /(a))? 

Explain the geometrical meaning of the derivative. 

Explain the physical meaning of the derivative. 

State the limit definition of f'(x). 

What do we mean when we say “when x = 3, the 
value of the function is 1”? 

What do we mean when we say “when x = 3, the 
derivative of the function is 1”? 

What do we mean when we say “/is differentiable at a”? 

What is the relation between differentiability and 
continuity? 

State the Power Rule. 

State the Constant Multiple Rule. 

State the Sum Rule. 

State the Product Rule. 

State the Quotient Rule. 

State the Chain Rule. 

Which rules must be applied in order to find the following 
derivatives? 


l(f(x) ■ g (x)) 2005 ]'; 


£Q+h(x)m(x) 

9(x) 


(f(g(h(x)))Y 


Is it possible that the derivative of a function is equal to 
itself? Give an example. 


Is it possible that the derivative of a function is equal to 
negative of it? Give an example. 

Explain how 7 logarithmic differentiation works. 

Explain how implicit differentiation works. 


(/tufjlcr Sunnutrv 
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lx 3 , 

x < 1 

CD 

II 


is given. Find/'(1). 


[3x, 

x > 1 

\) 0 

B) 1 

2 3 does not exist 


10. /(x) = 2x 2 - 3x + 1 is given. Find/"(1). 

A 8 B 6 C 4 D 3 El 


11. f(pc) = tanx - cotx is given. Find f'(x). 

\• —^— —-— C 2tan 2 x 

sin 2x sin2x 

tan 2 x 4- cot 2 x sin2x 


12. /(x) = v'2x -1 is given. Find/'(5). 

\' - B) i I D) I E - 

2 3 4 5 6 


13. Find A-(i n ( cos 
dx 


A -tan x 

-sec x 

D) 1 

1 

sinx 

cosx 


14. Find the derivative of the function/(x) = (sin x)\ 

At (sinx) x cosx 

sin x [In (sinx) 4- cosx] 

In (sinx) 4- xcotx 
(sin x) x [In(sinx) 4- xcotx] 

(sin x ) x (sinx 4- xcosx) 


15. If the parametric function is given by the equations 
x = sin 2 e, y = sin 2 0, find 

dx 

A 0 B 1 ( -1 D sin 20 \ -tan 20 


16. The implicit function e x cos y 4- e^sin x = 0 is 

given. Find —. 

dx 

A tanx tan y 

— • (cos y + sin x) e v cos j/+ e 1 'cos x 

e y e x sin y-e y sinx 

e v cos y 4- e y cosx 
e y sinx-e* siny 
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1.2/ = 3 xt - x 2 t 2 is given. Find 


dy 

dt 


3-2 1 13 1 - 2 t 2 x C) 3x - 2 x 2 t. 

1 ) 3x + 2x 2 F i 3t 4- 2x 2 t 


x 

5. If the curve 2 / = — is tangent to the straight line 
a 

with the equation x - y = 1, then find the value 
of a. 

A) 5 B i 4 t 3 D) 2 E 1 


6. If /(x) = 12 — x | +2, then find the value of the 


2- f(x ) = ——- is given. Find /'(x). 
e x + 1 

expression/'(l) +/'(3). 



A) 2e l B) 2e x (e x + 1) C) 

B V% E> («■-!)* 

A) 0 B) 1 C 2 

D) 3 

4 


3. Given that/(l) = 3, = 6 and 

x ~> 1 x-1 

h(x ) = x 3 • f(x), find h'( 1). 

A) 3 U) 6 (15 D 18 E 20 


7. The graph given on 
the right belongs to 
the function/(x). 

If g(x) = , then 

x 

find the slope of the 
tangent line to the 
graph of g(x) at the point x = 2. 

A',-! B) -- C) 2 I) 1 E) 0 

4 2 



4. /(3x - 5) = 2x 2 + x - 1 is given. Find the value of 
the expression/'(l) +/(1). 

A 10 B 12 C 14 D) 16 E 18 


8. Find the shortest distance between the curve 
4 

y = — and the origin (0, 0). 
x 

A 8 f 4 C 2 D 472 K 272 
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9. f(x) = \ x - 31 4- sgn(x - 1) + lx + h is given. 

2 

Find the derivative of the function at the point 
1 

x = —. 

2 

A does not exist B) 0 C) 1 

D)2 E) 18 


13. Find —r-(sinx +cosx) 2 . 
dx 1 

A) 2 (cosx - sinx) B) 2(sinx - cosx) 

C) sin 2 x - cos 2 x D) 2cos2x 

E ) -4 sin 2x 


10. Find —-(sine*). 
dx 

A) e 2x sine x B) e x (cose x - sin e x ) 

e x (cose x - sine*) D) e*(sin e x - cose*) 

e*(cose* - e*sine*) 


14, If the parametric curve is given by the equations 


t 3 -2 1, y = t 3 - 3 1, find 


d 2 _y 
dx 2 


A) 20 B ) 12 0 6 D) -20 -30 


11 . fix) —E is given. Find/'(9). 

o VX 


A) 9 


B) 3 


C) 


1 


D) 


1 


FA 1 


15. The implicit function e 2xy - 4x 2 + y 3 + 7 = 0 is 
dy 


given. Find 


dx 


A) I B) — 


C) _I 


- 


E) 

3 


12. f(x) = lnf^-— + - ) is given. Find 
x - x + 4 


dx 



B e C) In3 D) — 

2 



16. /(x) = (x + 2) x is given. Find the derivative of the 
function at the point x = -1. 

A) -2 B)-l C)0 D) 1 F) 18 
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5. 



Find lim 

A-»0 


%Jl6 + x -2 

x 







\x +2, x<l 

2. f(x) = < is given. 

[2x + 1, x > 1 

Find the derivative of the function at x = 1. 



£ is tangent to the curve y = /(x) at the point M(3,2). 


If h{x) = find fe'(3). 
x 







0 1 2 3 F does not exist 


3. 


n, \ + . T-. i rf/(3) 

j(x) = (-) is given. Find J . 

x-2 dx 

A) -300 B) -200 C -150 D --90 


1) -40 


6. /(x + 2) = • g(x 2 + 1) and g(l) = 5 are given. 

Find the value of/'(2). 

A 2 B 3 Ci 4 D) 5 E) 7 


7. Find the slope of the normal line to the function 
/(x) = sin (cos 5x) at the point x = 

A) -1 B) -i | D) § E i 

5 5 5 5 u 


4. /(x) = |x 2 + 3x - 41 + [x 2 ] + sgn(x 2 - 1) is given. 
At which one of the following points does the 
derivative of the function exist? 


8. f{x) = (x - l) 2 • (2x - t ) and/"(0) = 0 are given. 
Find the value of t . 


A 1 B 0 C -1 D) -2 E -3 


A) 4 B : 2 C 0 D) -2 E) -4 
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9. Find e 


rX d 2 (x 3 -e l ) 
dx 2 


A x 3 +3x 2 +3x R x 3 +3x 2 +6x C x 3 +3x 2 +9x 
D)x 3 + 6 x 2 + 6 x I x 3 +9x 2 +3x 


10. /(x) = A + Vx is given. Find/'(4). 

A) 1 B) 4 C) - Dil 

2 4 



11. Which one of the following is correct for the 

tangent lines to the curve y = 7 — at the points 

1*1 

x = a and x = -a? 


A They are perpendicular to each other. 
B They are parallel to each other. 

C The angle between them is 30°. 

D They are parallel to x-axis. 

E They are parallel to y- axis. 


13. /(x) = ln(l - x) is given. Find the derivative of 
order n. 


(-l)"n! 

P (-l) n+ 1 (n-l)! 

(x-iy 

(x-l)“ 

(-ir'(n-l) 

. (-l) 2 n+, (n-l)! 
(x-l ) 2 " +1 

(x-ir 

E) 

(-l) 2 " _, (n + l)! 


(x- 1) 2 ”- 1 


14. The tangent line to the curve y = x 3 at the point 
A(2, 8 ) intersects the curve at another point 
B(x 0> Vo)- Find *o- 

A)-- B) - 0-3 D> -4 E -5 

2 2 


15. If the parametric curve is given by the equations 

x = sin(ln t), y = ein t, find — 

dx f= 1 

A) e B ) 2e C) - D) - E) — 

2 2 2 


12. /(x) = (arcsinAj^x ) 2 is given. Find 


dx 



2 

B) — C) Jt 2 
2 


16. The implicit function sin ( xy ) + cos (xy) = 0 is 
given. Find 

dx 

A) 1 B) C) 2 xy 

x 


D) n E) 27t 


D y cos (xy) 


E 1 xcosx - ycosy 
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A. THE INDETERMINATE FORM 5 

0 


GUILLAUME DE 
L'HOSPITAL 
(1661-1704) 



French mathematician solved a 
difficult problem posed by Pascal 
at age 15. He published the first 
book ever on differential calculus 
“L'Analyse des Infiniment Petits 
pour ('Intelligence des Lignes 
Courbes” (1696). In this book, 
L'Hospital introduced L'Hospital's 
rule. Within the book, L'Hospital 
tbanks Bernoulli for bis help. An 
earlier letter by John Bernoulli 
gives both the rule and its proof, 
so it seems likely that it was 
Bernoulli who discovered the 
rule. L'Hospital’s name is spelled 
both “L'Hospital” and “L'Hopital”, 
the two being equivalent in 
French spelling. 


Let us consider the following limit where both/(x) and g(x ) approach to zero asi-^a: 

lim® 
x -“ g(x) 

If we substitute x = a in this limit, we obtain a fraction of the form —, which is a 

meaningless algebraic expression. This limit may or may not exist and is called an 

indeterminate form —. 

0 


From earlier studies you have learned to calculate such limits by using the limit theorems. 
In this section, we will discuss a very powerful method known as L’Hospital’s Rule. This rule 
gives a connection between derivatives and limits of the indeterminate form —. 



Example 


i 


Find lim 

x ->0 


sinx 

x 


Solution 


Since lim sin x = 0 and lim x = 0, we can apply LHospital’s Rule. 

x -»0 x —* 0 


,. smx (smx) cosx . . 

lim-= lim- 7 ^=lim-= cos 0 = 1 

*-*o x x ~*° (x) 1 


Note 

Using LHospital’s Rule, differentiate both the numerator and the denominator seperately. Do 
not apply the Quotient Rule. 





















2 Find lim 

r —*4 


x-4 


ii we aiiempieu 


lim 


x-4 


*-» 4 x 2 - 4 l -> 4 (x 2 - 4) • t -* 4 2x 8 


This is wrong! 

x — 4 0 

Since lim ——~ does not give the indeterminate form —, we cannot apply EHospital’s Rule 

here. Let us find the correct answer: 

x-4 4-4 0 

lim—-= —-= — = 0 

-4 X 2 -4 4 2 -4 12 


Note 

Before applying EHospital’s Rule, verify that we have the indeterminate form 


- Find lim 

X—>—1 


x 3 + x + 2 


x + 1 


.. x 3 + x + 2 (—1) 3 +(—1) + 2 0 

hm - — - 


x + 1 


-1 + 1 


0 


(— form; apply the rule) 


.. x 3 + x + 2 (x 3 + x + 2)' 3x 2 + l / in 2 . i a 

hm-= lim -- = lim-= 3 • (-1) +1 = 4 

*->-i x + 1 *-»-i (x + 1) *-»-> 1 


Find lim 

■ v_>1 x 2 -1 


lnx 0 
lim—5-= — 

*-*i x 2 -1 0 


(— form; apply the rule) 


lnx (lnx)' .. x 1 

lim—-= lim-+ —— = hm^- = — 

*-*> x 2 -1 *-* 1 (x 2 -1) 2x 2 























S Find 


lim 


\l2x + 3 — 1 


-Jx + 5 - 2 


0 


We have the indeterminate form —. So, we can use EHospital’s Rule: 

° 2 

li m ^ + 3-l = li m (^x+3-l) , = Iim 2>/2x + 3 , = ^2^+5^ g^ =4 . 

*— 1 Vx+5-2 *— 1 (Vx + 5-2)' *— 1 _1_ *-^iV2x+3 Vl 

2Vx + 5 

Note 

If lim/i—^ is still indeterminate form —, we use CHospital’s Rule again. 

*-*» g (x) 0 

That gives lim^-E^ = lim J , 

x -> a g (x) MI g ( x ) 

In fact, whenever EHospital’s Rule gives —, we can apply it again until we get a different result. 


6 Find lim 


x-sinx 


lim 


x-*0 

x - sin x _ 0 
x* 0 


(— form; apply the rule ) 


v x-sinx (x-sinx)' 1-cosx 1-cosO 0 , 0 ,. . . , 

lim-r-= lim-- - ■ = lim-=-=— arm: apply the rule 

*-* x 2 x-*o ( X 2y x-> o 2x 2-0 0 0 J 

1 -cosx ( 1 -cosx)' sinx 0 

lim-= lim-- - = Jim-= — = 0 

x ~*° 2 x *-*<> ( 2 x) - x ->° 2 2 


.. Find lim 


e -ex 


(x-1) 


2 ' 


lim ——^ 
x->> (x- 1) 2 


0 

0 


.. e*-ex .. (e x -ex)' e x -e 

lim-s- = lim- -f-— lim- 


X->1 


(x-i y 


X ->1 


[(x- 1) 2 


X ->1 


2 (x - 1 ) 


(—form; apply the rule) 


(—form: apply the rule again) 


.. e -e (e -e) e e 

lim-= lim—-- = lim — = — 

2 (x - 1 ) [ 2 (x - 1 )] 2 2 


Check Yourself 1 

Find the following limits: 
x 3 -8 


1 - lim : 

x->2 x - 4 

Answers 

1. 3 2. 6 


n X 2 -8 yfx 

2 . lim- 

X — 4 


3. lim 


e x -l 


x ~*° In Vx + 1 


4. lim 


sin x -1 


x-*tV2 cos2x+l 


3. 2 


4. -1/4 
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oo 


B. THE INDETERMINATE FORM - 


OO 


EHospital’s Rule is also valid for the indeterminate form — • It is expressed as follows: 


f'(x) 

Suppose that lim f(x ) = ±°°, lim g(x) - ±°o and lim 4—- 
*->a x->a g(x) 

Then, 

g(x) g (x) 


exists. 


8 Find lim— 

.r->~ 7 


x 2 - 3x + 5 


+ 2x - 3x 2 


lim 


x 2 -3x + 5 °° 


7 + 2x - 3x 2 -oo 

x 2 -3x + 5 (x 2 -3x+5)' 2x-3 

lim- r = lim - 21 -f- = lim- 

7 + 2x - 3x 2 *->~(7 + 2x-3x 2 ) *->-2-6x 

.. 2x-3 .. (2x-3)' ,.2 1 

lim-= lim- — = lim — = — 

*->-2-6x *->“(2-6x) *-*--6 3 


(—form; apply the rule) 


(still — form; apply Ike ru le) 


f j Find lim 


e x + 2x 
e 2x -3 ' 


lim 


e x + 2 x _ oo 
e 2 *-3 “ ~ 


.. e x + 2 x .. (e x + 2 x)' e *+2 

lim—5-= lim x— -= lim- 

*->- e 2x - 3 ( e 2x - 3) 2 • e 


:2x 


lim = lim = lim—= lim 


1 


(— form; apply the rule) 

oo 

oo 

(still — form: apply the rule) 


1 


• 2 - e 


,2x 


= —=0 


*-*- (2 • e )' x_> “ 4 • e 2x *-*• 4 • e x oo 


1 A Find lim 

x_>0 * lnx 

When x -» 0 + , 1 -» °o and In x -» -oo. So, we can apply L' Hos pital's Rule. 

r 


1 


1 


lim = lim —-—-= lim — 7 —= lim — = -<*>. 
*-»o* ]nx x->o+ (In x) x-*or 1 *->(r x 
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Note 

EHospilal’s Rule cannot be applied directly to the indeterminate forms 00 • 0 and °° — °°. 

0 00 

But it may be possible to convert them into the form — or into the form —. 

0 00 


1 

ix sin—. 
x ~* QO x 


Solution 


)■' 1 Find lim: 

■ ■ .t—>cc 

This limit leads to the form °° • 0, but we can change it to 


c e e c e 


f -9 = j oif g = -|- 


the form ^ by writing x = -j-. 


1 

1 sin ~ 0 

lim x • sin — = lim —— * 1 — = — 
x 1 0 


Since we have the form —, we can apply EHospital’s Rule. 

sm— (sm—) (— 2 O * c ° s j 

lim—= lim—= lim——— -— = lim cos — =1 

1 1 , t->oo 1 X 

\ ) 9* 

X X X“ 



isa 12 Find lim( 


1 1 


:)• 


x e x -1 

We have the indeterminate form 00 — oo f but we write 


v A 1 s v e x -l-x 0 

lim(-) = lim-= - 

x e x -1 *^°x-(e-1) 0 


( - form; apply the rule) 


v e x -l-x v (e x — 1 -x)' .. e x -1 0 , 0 - , ,, , 

lim-= lim -—- = lim-= - (- form; aprpl ij the rul e again; 

*-»° x-(e x -1) x ~*° [x -(e x -1)] *->° e x -1 +x e x 0 0 


^-1 -lim ^ , = lim- 


lim- _ 

x-*o e x -l+x e x *-*° (e x -l+x e x ) e x +e x +x-e x 

Check Yourself 2 

Find the following limits: 

n .. 2 x 2 -5x + 7 

1. hm- 

*-*- 3x + 4 

Answers 


1 


„ x 3 -3x + 5 „ Jr 

2. hm--- 3. Um-irL 

e ' In Vx 


4. limxe 

X->oo 


5. lim(—-—) 

- m0 x sinx 


1 . 


2.0 3. 


4. 0 5. 0 
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A. The Indeterminate Form - 

0 


1. Find the following limits: 


. x 
sin 


v x -4x + 4 i 3 

i. lim—r- b. lim-- 


*->2 x + x - 6 


x->o 2x 


c. lim 


Vl + 3x — 1 




1 -cosx 

e. lim-^— 

*->° x ~ 


d- lim- 


4x + 4 


5x + 6 x +1 


1 -x 


x -* 1 lnx 


f. lim 


.. x 2 -yf&x , .. sin(2x+4) 

lim- n. hm—r--- 

x -,-2 x -x -6 


g. lim 

x ->2 x-2 


; 2 -\/x + 6 • l/3-l/x 

lim- ; —:— J- lim- 


x-*2 x Z — 4 


*“> 3 Vx - V3 


^ 2x 2 +3x -_ 2 L ^ sinx-sina 


x ~>v 2 6x-3 


m. lim- 


e 2x -l 


x ^ a x-a 




*-*° ln(x + x + 1 ) *->2 4 _ x 2 


B. The Indeterminate Form — 

oo 


2. Find the following limits: 


a. lim 


x 2 + x +1 


3x + 4 


c. lim 


e x -l 


e. 


,X_>oo e x + l 


lnx 


g. lim 


i. lim 


ln(l + e*) 
2 x 


cot3x 


cot ox 


J lim 


9-x 2 


x“ -2x-3 


d. ito^±± 
x 


lim—— lim- 


x 4- x 


i lnx 
lim—= 
Vx 


i lim 


x 4- cosx 


3x 


,2 


Mixed Problems 


3. Find the following limits: 

x 3 +x-2 i tanx 

a. lim - b. lim 


*-*i 2x - 3x +1 


*14- tan x 
2 


o- lim 


3*-7* 


x 


q. lim 


arctan3x 


arctan4x 


lim 


x 2/3 -4 


x ->* x - 8 


P- lim 


DX , . X 

cos —- + sm 
6 3 

X - 71 


r. lim 


e cosx _i 


x-*x/2 COSX 


t. lim 

x->2 


arctanf—)- 71 
v 2 4 

x -2 


Oc. limxln(l + —) O d. lim(tanx-secx) 


e. lim 


sin 6 x 


*->o 3 x 


_ P X — 1 KX 

kj f. lim-tan — 

*-* 2 2 


G g. lim(— - esc x) O h. lim(Vx 2 + 3x - x) 

.hOx *-*• 


















































A. INTERVALS OF INCREASE AND DECREASE 

In this section, we will first briefly review the increasing 
and decreasing functions and then discuss the 
relationship between the sign of the derivative of a 
function and the increasing and decreasing behavior of 
the function. 

Recall the graph of the function fix ) = x 2 . As we move 
from left to right along its graph, we see that the graph of 
/ for x < 0 and for x > 0. The function / is 
said to be iecreasing on (-<», 0) and on (0, «>). 

increasing and decreasing functions 

A function/is increasing on an interval I if/(x) increases as x increases on L That is, for any 
x, < x 2 on J,/(Xj) <f(xf). 

Similarly,/is decreasing on an interval I if/(x) decreases as x increases on I. That is, for any 
Xj < x 2 in /, f(x Y ) > f(pc 2 ). 
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Note 

We refer to a function as increasing or decreasing only on intervals, not at particular points. 



















We now learn how the first derivative can be used to determine where the function is 
increasing or decreasing. Let us look at the following graphs. 




Observe that the function/is increasing on the interval (a, b) and the tangent lines to the 
graph of/have positive slope on that interval. We know that the slope of each tangent line is 
given by the derivative Thus,/'(x) must be positive on (a, b). 

Similarly, we expect to see a decreasing function when f'(pc) is negative. These observations 
lead to the following important theorem. 


Theorem 


Let /(x) be a differentiable function on the interval 7. 

a. Iff \x) > 0 for all the values of x on 7, then /(x) is increasing on the interval 7. 

b. Iff'(pc) < 0 for all the values of x on 7, then /(x) is decreasing on the interval 7. 

Note 

According to the theorem above, when we are asked to determine the intervals of increase 
and decrease for a given function, we must examine the sign of the derivative of the 
function. To do this, we shall construct the sign chart of the first derivative. We assume that 
you are familiar with constructing the sign chart of a function from your earlier studies. 




Find the intervals where the function /(x) = x 2 - 4x + 3 is increasing and where it is 
decreasing. 


Let us construct the sign chart of/'(x). 

/'(x) = 2x - 4 and x = 2 is a root off'(pc) = 0 


f{x) 


fix) 


2 

I 


+ 00 


decreasing 

(\) 


increasing 

(/) 



From the chart,/'(x) > 0 when x > 2 and/'(x) < 0 when x < 2. 

So,/is increasing on (2, oo) and decreasing on (-oo, 2). 

It would also be true to say that f is increasing on [2, oo) and decreasing on (-oo, 2]. 
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Note 

As in the previous example, we use an “up arrow” (/) for the intervals where the function 
is increasing and a “down arrow” (\) for the intervals where the function is decreasing. 

14 For what values of x is the function fix) = (x - l) 3 either increasing or decreasing? 

/'(%) = 3(x - l) 2 . 

f'(x) > 0 for any of the values of .v because (x - l ) 2 > 0 . 

We conclude that/is always increasing for all the values of x 
The graph of/is shown in the figure. 

Note that when x = 1 we have f'(x) = 0. 

But that does not affect the increase since it is just a point. 



15 Determine where fix) — e x ' 3r is increasing. 
f\x) = t?-** ■ (3x 2 - 3) 

Since e x " iv > 0 for all the values of x, it is enough to check the sign of 3x 2 - 3. 
3x 2 - 3 = 0 => 3(x - l)(x + 1 ) = 0 => x = -1 and x = 1 . 


X 

-00 —1 1 -}- 00 

fix) 


- 


fix) 


\ 

/ 


The chart suggests that /(x) is increasing for x < -1 and x > 1. 


r & For what values of a is the function 

f(x) = ax 3 - 2x 2 + 2x - 3 increasing for all real numbers? 

Since/is increasing for all real numbers ,f'(x) > 0. 

f'(x ) = 3 ax 2 - 4x 4* 2 > 0 

This is possible only if 3a > 0 and A < 0 


Given ax 2 + bx + c = 0, 3a > 0. So, a > 0. 


A = b 2 - 4ac. 


A = (- 4 ) 2 - 4 • 3a • 2 = 16 - 24a < 0. So, a > -. 


Bv and , we have a > — 

3 
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17 For what values of m is f (x) = mx - always decreasing in its 
domain? 

Since/is always decreasing,/'(x) < 0 for all the values of x except 
x = -3. 

, _ 772(x + 3) - (mx - 2) _ 3?rz + 2 
1 W (x + 3 ) 2 (x + 3 ) 2 < ‘ 



Then, we have 3in + 2 <*0"because (x + 3 ) 2 is always positive. 


Thus, 772 < —. 

3 


18 The graph of the function/is given on the interval (a, b). State 
whether each of the following functions is increasing or decreasing 
on (a, b ). 

a. g(x) = x~-f(x) h(x) = f\x) c. m (x) = 

X 



From the graph, we conclude that x < 0 and /(x) > 0 on (a, b). Also, we ha ve f'(pc) > 0 
because /is increasing on (a, b). Now let us find the derivative of each function. 


a. g'(x) = 2x -/'(x) < 0. So g is decreasing on (a, b). 

b. h\x) = 2 */(x) /'(x) > 0. So h is increasing on (a, fc). 

c. 772 / (xc) = / (•*•') ‘ x ~ < q So 772 is decreasing on (a, 2 ?). 

x 2 


Check Yourself 3 

. Find the intervals w r here each function is increasing or decreasing. 
sl f(pc ) = x 3 - 3x 2 + 6 b. f(x) = — ^ c. /(x) = lnx 

2. The function /(x) = ^ vA + ^ is always increasing in its domain. Find k. 

x + 1 

Answers 

1 . a. increasing on (-<», 0) and (2, °°)» decreasing on (0, 2) 

c. increasing on (0, «>) 

2 . k > 1. 


decreasing on 


. - — 1 and 


4 

3 
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B. MAXIMUM AND MINIMUM VALUES 


1. Absolute and Local Maximum and Minimum 

In many applications we need to find the largest or the smallest value of a specified quantity. 
Here are a few examples: 

What is the shape of a container that minimizes the manufacturing costs? 

At what temperature does a certain chemical reaction proceed most rapidly? 

Which path requires the least time to travel? 

These problems can be reduced to finding the maximum or minimum value of a function. 
Let us first explain what we mean by maximum and minimum values. 


absolute maximum and minimum 

A function/has an absolute maximum at c if/(c) >/(x) for all the values of x in its domain. 
Similarly, /has an absolute minimum at c if/(c) </(x) for all the values of x in its domain. 


Note 

Here is some terminology: If a function / has a maximum (or minimum) at x = c, then we 
say that /(c) is a maximum (or minimum) value of / and (c, /(c)) is a maximum (or 
minimum) point of/. 

An extremum of a function is either a maximum or minimum value of that function. 
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y =/( x) 


The figure on the right shows the graph of a 
function / with absolute maximum at x = a 
and absolute minimum at x = d. Note that 
(a, /(a)) is the highest point on the graph 
and ( d,f(d )) is the lowest point. 

In the same graph, if we consider only 
the values of x sufficiently near b (for 
example, in the interval /,), then f(b) is the 
smallest of those values of f(x). In other words, no nearby points on the graph of/are lower 
than the point (£>,/(£>)). To define such points, we use the word “local”. So, we say that the 
function/has a local minimum at the point x = b. 



Similarly, / has a local maximum at x = c because /(c) is the largest value of f(x) in the 
interval I 2 . We see that no nearby points on the graph are higher than the point (c,/(c)). We 
now state the formal definition: 









local maximum and minimum 

A function / has a local maximum at c if /(c) > /(x) for all the values of x in an interval 1 
containing c. 

Similarly, / has a local minimum at c if /(c) < /(x) for all the values of x in an interval 1 


containing c. 

The figure on the right illustrates some 
local and absolute extrema of a function 
/with the domain [a, e]. We see that/has 
a local maximum at x = c, and a local 
minimum at x = b and x = d. Also,/has 
an absolute minimum at x = b and an 
absolute maximum at x = e. Observe 
that the absolute minimum is also local, 
but the absolute maximum is not local 
because it occurs at the endpoint x = e. 


absolute* and 
local max 



absolute and 
local niin 


Note 

1. A function has at most one absolute maximum and one absolute minimum. But it may 
have more than one local maximum or minimum. 

2. An absolute extremum of a function is either a local extremum or an endpoint. 


Check Yourself 4 


1. Explain the difference between an absolute maximum 
and a local maximum. 

2. The graph of a function with the domain [a,/] is given 
on the right. For each of the points from a to / state 
whether the function has a local maximum or 
minimum, or an absolute maximum or minimum. 

Answers 



1. absolute max.: /(c) >/(x) for all the values of x in the domain off 


local max.: /(c) >/(x) for all the values of x in an interval I containing c. 

2. local max. at x = £>, x = d 
local min. at x = c, x = e 
absolute max. at x = d 
absolute min. at x = a. 
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2. Finding the Local Extrema 

We now learn how the first derivative can be used to locate 
the local extrema. We first consider the functions that have 
derivatives at the local extremum points. The figure on the 
right shows the graph of a function / with a local 
maximum at x — a and a local minimum at x = b. Observe 
that the tangent lines to the graph at these points are 
horizontal (parallel to the x-axis) and therefore each has 
slope 0. Remember that the slope of the tangent line is given by the derivative. So, we say that 

f\a) = 0 J\b) = 0. 

This analysis reveals an important characteristic of the local extrema of a differentiable 
function. 




If/has a local extremum at c, and/'(c) exists, then/'(c) = 0. 


Note 

The converse of this theorem is not true in general. 

That is, when /'(c) = 0, / does not necessarily have a 
maximum or minimum at x = c. For example, consider 
the function/(x) = x 3 . Here,/'(x) = 3x 2 , so/'(0) = 0. But, 
/ has neither a local maximum nor a local minimum at 
x = 0. 





The function fix) = 2x 3 - mx + 5 has a local minimum 
at x = 1. Find m. 

Since /(x) is a polynomial function, it is differentiable 
everywhere. By the theorem above, we have/'(l) = 0. 
f\x) = 6x 2 - m 

/'(l) = 0 

6 • l 2 - 772 = 0 
m = 6 



















Find the local extrema of the function/(x) = |x|. 


In some books, an 
extremum that occurs 
at a point where the 
derivative does not 
exist is called a singular 
point. 


Let us plot the graph off. 

\x, x > 0 
f(x) = \x\ = l 

[-x, X < 0 

We see that/has a local minimum at x = 0. 

But there is no horizontal tangent there. 

In fact, there is no tangent line at all since/'(x) is not defined at x = 0. 



Note 

The function/(x) = |x| shows that a local extremum of a function may exist at which the 
derivative does not exist. As a consequence, we say that the local extrema of any function / 
occurs at the points c where/'(c) = 0 or /'(c) does not exist. Such points are given a special 
name. 


critical point 

The value c in the domain of/is called a critical point if either 
/'(c) = 0, or 
/'(c) does not exist. 


Find the critical points of/(x) = 2x 3 - 9x 2 + 12x - 7. 

The derivative of/is/'(x) = 6x 2 - 18x + 12 = 6(x - l)(x - 2). 

Since/'(x) is defined for all the values of x, the only critical points are the roots of/'(x) = 0. 
Therefore, x = 1 and x = 2. 

x 2 

T Find the critical points of /(x) = —— 

The Quotient Rule gives 

N 2x(x -1) - x 2 • 1 x(x - 2) 

/(*) = - , ~ 2 -= 7-7TT- 

(x-1) 2 (x — 1) 

Since x = 0 and x = 2 are the roots of/'(x) = 0, they are critical points. Next, observe that 
/'(x) does not exist when x = 1. However, since / is not defined at that point, the point 
x = 1 is not a critical point. 
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23 In the figure on the right the graph of a 

function/ with critical points at x = a, b, c, d, 
and e are shown. 

a. State why these points are critical. 

b. Classify each of them as a local maximum, 
a local minimum, or neither. 



a. Observe that there are horizontal tangents at the points x = c, d y and e, so f'(x) = 0 at 
these points. Next, f'(x) does not exist at x = a because the tangent line at this point is 
vertical. Finally, since there is a corner at x = b, f'(x ) does not exist there. 

b. From the graph of / we say that/has a local maximum at x = d , and a local minimum at 
x = b and x = e. Note that /'(c) = 0 and f'(a) does not exist, and/has no local extrema 
at these points. We conclude that not every critical point gives rise to a local extrema. 



Check Yourself 5 

Find the critical points of the following functions. 

1. fix) = x 3 - 3x + 4 2. f(pc) = 1 - 4x 3. f(x) = x 2 ln x 

Answers 

l.-l, 1 2.0 3. -L 
yfe 
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3. The First Derivative Test 


So far we have learned that any extremum of a function / must occur at any critical point of 
/. In the previous example we have seen that not every critical point is a maximum or a 
minimum.Therefore, we need a test that helps us classify critical points as local maximum, 
local minimum, or neither. 

Suppose that the function / is continuous at c and that f is defined on some open interval 
containing c. 


If / is on the left of c and 

on the right, then /should 
have a local maximum at x = c. 




If f is 'leer -as::, on the left of c and 
on the right, then / should 
have a local minimum at x = c. 




If f is on both sides or 

.isina on both sides, then / 
should have neither a local maximum 
nor a local minimum at x = c. 




Moreover, we know that f(pc) is increasing where f'(x) > 0 and decreasing where f'(x) < 0. 
These observations are the basis of the following test. 


* 

THE FIRST DERIVATIVE TEST 


Let c be a critical point of a function/(x). 

If f'(pc) changes from positive to negative at c, then/(x) has a local maximum at c. 

If f'(pc) changes from negative to positive at c, then /(x) has a local minimum at c. 
If/'(x) does not change sign at c, then /(x) has no local maximum or minimum at c. 






















24 Find the critical points of the function /(x) = x 3 - 3x 2 - 9x + 6, and classify each critical 
point as a local maximum, a local minimum, or neither. 

/'(x) = 3x 2 - 6x - 9 = 3(x - 3)(x + 1) 

x = 3 and x = -1 are the critical points (where f'(x) = 0). Since/'(x) is a polynomial 
function, it is differentiable everywhere. Thus, we have no points c such that /'(c) is not 
defined. 


X 

—00 — 

1 


\ 4-oo 

/'(.V) 

+ c 


+ 


/ 

\ 

/ 


(max) (min) 

From the sign chart, /increases for x < -1 and decreases for -1 < x < 3. So,/has a local 
maximum at x = -1. 

Similarly,/decreases for -1 < x < 3 and increases for x > 3. So,/has a local minimum at x = 3. 


25 Find the local extrema of the function/(x) = x m + 2. 



2 

l 

3 ■ x 3 


There is no root of f'(x) = 0. 


Now we will look for the values of x such 
that /'(x) is not defined but fix) is 
defined. We see that / is defined for all 
the values of x but /' is not defined at 
x = 0. So, 0 is a critical point. 


X 

-00 

( 

) 4-oc 

fix ) 


♦ 

m 

\ 

/ 


(min) 


Thus, the first derivative test tells us that 
x = 0 is a local minimum of/. 

















26 Find the local extrema of the function f(x) = |x - 11. 


/'(x) = 


If x > 1 , then x - 1 > 0. So,/(x) = x - 1 . 

If x < 1, then x - 1 < 0. So,/(x) = 1 - x. 

1, x > 1 
-1, x < 1 

Since/'(l ) is not defined at x = 1. 

So, x = 1 is a critical point. Furthermore, /'(x) is not equal to zero anywhere. 
For x > 1, we have/'(x) = I > 0. So,/(x) is increasing on this interval. 

For x < 1, we have/'(x) = -1 < 0. So,/(x) is decreasing on this interval. 


.r 

— OC 

1 

l +00 

/'« 


+ 

fix) 

\ 

/ 


(min) 


Thus,/has a local minimum at x = 1. 

27 Find the local extrema of the function/(x) = 5x 3 + 4x. 


f'(x) = 15x 2 + 4 is always positive. There is no real solution of f\x) = 0. 


X 

—00 

+ 00 

fix) 

+ 

fix) 

/ 


/ is increasing for all the values of x. 

Since/(x) is a polynomial function,/(x) is continuous and differentiable everywhere. 
Thus, f(x) has no local extrema. 


3. fix) = 


x 2 +l 


Check Yourself 6 

Find the local extrema of the following functions. 

1. fix) = 2x 2 - 2x + 5 2. fix) = 1 - x 4 

Answers 

1. min.: x = ^~ 2. max.: x = 0 3. max.: x = -1, min.: x = 1 4. max.: x = —, min.: x = 0, x = 1 
2 2 


4. fix) = | x 2 - x | 
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28 If the function f(pc) = x 3 + ax 2 + 15x + b has a local maximum at the point (1, 10), then 
find a and b. 

We know that an extremum of a function must occur at a point where f'(x) = 0 or fix) does 
not exist. Since /is a polynomial function, /is differentiable everywhere. 

So, we have/'(l) = 0. 
f\x) = 3x 2 + 2ax + 15 
/'(l) = 0 

3 • l 2 + 2a • 1 + 15 = 0 
a = -9 

Since the point (1, 10) is on the graph of/, we say that /(1) = 10. 

/(I) = 10 

l 3 + a ■ \- + 15 • 1 + b = 10 
a + b = -6 
b = 3 (since a = -9) 




29 The graph of the derivative of the function/(x) is shown in 
the figure. Find the intervals where f(x) is increasing or 
decreasing and find the local extrema of /. 



We know that/(x) is increasing when f\x) > 0 ./'(*) > 0 means that the graph of / (x) must 
be above the x-axis. In the figure/'(x) > 0 for x > 1. So,/(x) is increasing for x > 1. Similarly, 
f(x) is decreasing when the graph of/'(x) is below the x-axis. So,/(x) is decreasing for x < 1. 


X 

—00 

1 

i + 00 

/'(*) 


♦ 

fix) 

\ 

/ 


(min) 


From the chart,/has a local minimum at x = 1. 










30 For what values of m does the function/(x) = x 3 - (m - l)x 2 + 3x - 2 have no local extrema? 


A quadratic equation has 
two solutions when 
A> 0. 

one solution when 
A = 0. 

no solution when 
A< 0. 


Since/has no extrema, there must be no root of /'(x) = 0. 
/'(x) = 3x 2 - 2(m - l)x + 3 

The equation 3x 2 - 2(tt2 - l)x + 3 = 0 must have no root. 
We need A < 0: 

[-2(772 - l)] 2 - 4 - 3 • 3 < 0 
4 (tt2 2 - 2m + 1) - 36 < 0 
4(t?2 2 - 2m - 8) < 0 
4(ttz - 4) (772 + 2) < 0 

Let us construct a chart to solve the above inequality: 

-2 4 

So -2 < 772. < 4. 


Check Yourself 7 


1. Find the local minimum value of y = e 21 - 4e x - 6x. 

2. The function/(x) = x 3 - 3x 2 - 9x + a has a local maximum value of 10. Find a . 

3. The graph of the derivative of the function /(x) is given. Find the local extrema of the 
function / 



Answers 

1. -3 - 61n 3 2. 5 3. max.: x = 0, x = 4, min.: x = -2, x = 2 
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4. Finding the Absolute Extrema 


In most types of maximum-minimum problems, we are more interested in the absolute 
extrema rather than the local extrema. Recall that the absolute extrema of a function are the 
largest and the smallest values of that function in its whole domain. The following figures 
show the graphs of several functions and give the maximum and minimum values of the 
functions if they exist. 



We have seen that some functions have absolute extrema, whereas other do not. In what 
conditions does a function have both the absolute maximum and the absolute minimum? 
The following theorem answers this question. 


If a function/is continuous on a closed interval [a, b\, then/has both an absolute maximum 
and an absolute minimum on [a, b). 

The above theorem guarantees the existence of the absolute extrema of a continuous 
function on a closed interval [a, b]. Moreover, we know that each absolute extremum can 
occur either at a critical point in the interior of [a, b] or at an endpoint of the interval. The 
following steps give a useful method for finding the absolute extrema of a continuous 
function on [a, b]. 


Find the critical points of/on the interval [a, b]. 

Evaluate/(x) at each critical point. 

Evaluate f(a) and f(b). 

The largest of the values of / found in Steps 2 and 3 is the absolute maximum, the 
smallest of these values is the absolute minimum. 












Find the absolute extrema of the function /(x) = x 2 - 4x + 3 on [0, 3]. 

Let us apply the Closed Interval Method step by step: 

To find the critical points of/, we must solve/'(x) = 0 and also find where f'(x) 
does not exist. 

f'(x) = 2x - 4 = 0 gives x = 2. 

The domain of the function is [0, 3|. So, x = 2 is in the domain. 

And there is no point where/'(x) is not defined. 

Thus, the only critical point on [0, 3] is x = 2. 

2 nd Step: /(2) =2 2 - 4- 2 + 3=-1 
3 ni Step: /(a) = /( 0) = 0 2 - 4 • 0 + 3 = 3 
f(b) = /(3) = 3 2 -4-3 + 3 = 0 
4 H Step: /_[ 0,3] = 3, / mm [0,3]=-l. 

The graph of/ confirms our results. 

32 Find the maximum and minimum values of the function/(x) = 2x 3 + 12x 2 + 18x + 6 on 
the closed interval [-2, 0]. 

f\x) = 6x 2 + 24x + 18 = 6(x + l)(x + 3) 
f\x) = 0 when x = -1 and x = -3. 

But x = -3 is outside the interval [-2, 0]. So, we do not take it. 

The only critical point is x = -1. 

Additionally, we should consider the endpoints of the interval [-2, 0]. 

Now, we evaluate/(x) at x = -1, -2, and 0: 

/(-l) = -2 
/(- 2 ) = 2 
/( 0 ) = 6 

fnJ- 2. 0] = 6, / min [-2, 0] = -2. 





Notation 


/maxi 0 ’ denotes the maximum value of the function/on the interval [a, b]. 
f mm [d, b ] denotes the minimum value of the function / on the interval [a, b]. 









EXERCISES 2.2 


A. Intervals of Increase and Decrease 

1. You are given the graphs of two functions. 
Determine where the functions are increasing 
and where they are decreasing. 



2 Find the intervals where each of the following 
functions is increasing or decreasing. 


3 Find the intervals where the function 

fix) = sin x + cos x is decreasing on [0, 2n]. 

Show that the function/(x) = Arctanx is increasing 
for all the values of x. 

. For what values of m is the function 

fix ) = -^-x 3 + ?72x 2 -4x +1 decreasing 

for all real numbers? 

6 The function/(x) = ax 3 - (a - 2)x 2 + — x 

3 

is always increasing for all the values of x. Find a. 


a. f(pc) = 3 - 8x 

b. f{x) = x 2 + 1 

c. fi x ) = ~x 2 + 4x + 3 


d fix) = x 3 + 6x 
x 3 

e- f(x ) = — -2x 2 + 2 

f(x) = 3x 4 + 4x 3 - 12x 2 

g- fix) = ^3 
2-x 

h- /(x) = x M 

, 5-x 

L fix) = — 

j- fix) = 


k. /(x) = 2^ 

l. /(x) = 45 

Om. /(x) = i^ 

X 

On. fix) = sin x + : 


K 


o o. 


/(*) = 


0.5 


2.r 


4*0.5 A 


2 In 0.5 ln0.5 


+ 3x - 2 


7. 


Find the values of a y so that fix) = 


x 2 - ax 
x 2 - 4x + 3 


is 


always decreasing in its domain. 


Find a, so that the function 

fix) = x 3 - 3x 2 + 3ax + 15 is increasing on 
(-oo, -2) and (4, °o), and decreasing on (-2, 4). 


Let/be an increasing function on (0, «>). State 
whether each of the following functions are 
increasing or decreasing on the same interval. 


a. -fix) 

1 

c. - 

fix) 


b. x + fix) 
d- fix 2 ) 


1 ( The graph of the function /is 
given on the closed interval 
[a, b\. State w T hether each of 
the following functions are 
increasing or decreasing on 
[a, b]. 

a. x */(x) 

b. / 2 (x) + x 

c. x 2 -fix) 
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B. Maximum and Minimum Values 


1 1. For each of the points from x x to x 9 , state whether 
f has a local maximum or minimum, and an 
absolute maximum or minimum. 



12. Find the critical points of the following functions, 
a. /(x) = x 3 + x b. /(x) = x V 

c. /(x) = 2x - \ d. /(x) = |x + 11 

x 



In the figure above the graph of a function f with 
the critical points at a, b , c, d, and e are shown. 

a. State why these points are critical. 

b. Classify each of them as a local maximum, a 
local minimum, or neither. 


14. Find the local extrema of the following functions. 

a. /(x) = 8x + x 2 

b. /(x) = —x 3 4* 3x 4* 2 

x 3 

c. f( x ) = — + 2x 2 + 4x + 5 

d. f(x ) = (x - l) 2 (x + 3) 2 


f. /(x) = x z - ^ 
g- /CO = 14 - x 2 1 


Oh. f(pc ) 


■(if 


© i. /(x) = x 2 - 3x 4- xln x 

OO j. /(x) = sin 2 x + sin x 

15. The function/(x) = x 3 - 9x 2 + 15x + 7 is given. 
Find the sum of the x-coordinates of its local 
extrema. 

16. The graph of y = ax 2 + bx has an extremum at 
(1, -2). Find the values of a and b. 

17. Find fe, if f(x) = x 3 - 2x 2 - 7x + k has a local 
maximum value of 8. 

18. Given that /(x) = x 3 + ax 2 + bx + 1 has a local 
maximum at x = -1 and a local minimum at 
x = 2, find a and b. 

19. Find the local minimum value of the function 

/(x) = xV - 3e\ 

20. Find the value of m, if the curve y = x 3 + 2 mx 2 4- 30 
is tangent to the line y = -2. 

21. Find the relation between a and b , if the function 
/(x) = ax 3 + bx + c has one local maximum and 
one local minimum. 

22. For w'hat values of m does the function 


/(*) = 


mx 41 


x — 1 


have no local extrema? 
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The graph of the derivative of a function / is 
given. Find the local extrema off. 
































24. Find the absolute extrema of each function on 


the given interval. 


a - f( x ) = 2x 2 - 4x + 3, 

[0, 2] 

b. f(x) = -x 2 + 2x - 1, 

[-2, 2] 

c. f(x) = x 3 -6x, 

[1.4] 

d. f(x) = 2x 3 - 15x 2 + 24x +19, 

[0, 2] 

CD 

II 

to 

1 

[0, 3] 

f. /(x) = x 5 - 5x" + 1, 

[0, 5] 

g. /(x) = 9x 2 - x 4 , 

[-3, 3] 

h. /(x) = V9-x 2 , 

[-1. 2] 

i. /(x) = x —— , 

X 

[1,3] 

s“ 

a 

H 

[-1, 1] 

k f( x ) = —77 > 
x +1 

(0, 4] 

Ol. f(x) = |x 2 - 3x|, 

[1,4] 


© m. f( x ) = — log2 x-31og2* + 81 og 2 x+1, U» 8] 

3 

O n. /(x) = 9sin x - sin 3x + 3, [-7t, 0] 

25. Find the sum of the smallest value and the greatest 
value of /(x) = x 2 - 4x + 8 on [-2, 3]. 


Mixed Problems : 


29. Given a parametric function y = /(x) with 
y = 2t 2 + 4t + 5 

X = t 3 + t. 

a. Find the intervals of increase and decrease of/. 



The graph of the derivative of a function / is 
given. 

a. Find the intervals of increase and decrease of/. 

b. Find the local extrema of/. 

31. At what point does the tangent to the curve 

O x 3 

y = i—~ 2x 2 + x - 5 have the smallest slope? 


32. In the figure, graph of/'(x) y ‘ 


is given. Given that the 

y =/'(*) 

equation /(x) = 0 has only 


one root and that root is 

A A* 

positive, plot a rough graph 


of/(x). 



26. If the point (1, 4) is the highest point of the graph 
of/(x) = ax 2 + 2x + b, find a + b. 


27. Let f(x) = ax 3 - bx. Find a and b , if/(2) = 4 is the 
maximum value of/ on [0,4]. 


28. Find the maximum value off(x) = sinx + cosx. 
G 


33. Find the range of the function 

\3x 4 -4x 3 -24 x 2 + 48x, x >0.5 


/(*) = ■ 


8x 3 +12x 2 +2, 


x <0.5 


34. For which values of a does the interval 
OO 



completely include the range of the function 

f( y'N =-^-? 

3x 4 -8ax 3 + 12a 2 x 2 + a 
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A. CONCAVITY 

In this section we discuss the concept of concavity. As illustrated in the following figures, two 
increasing graphs on an interval may have different shapes. This depends on how the graphs 
bend or turn. As we scan the graphs from left to right, w T e see that the graph of/turns to the 
left (upward), while the graph of g turns to the right (downward). We say that the function/ 
is concave up on the interval (a, b) and the function g is concave down on 
the interval (a, b). We now define concavity geometrically. 




concavity — _ _ 

A function/is concave up on an interval I if the graph of /lies above all of its tangent lines 
on the interval I. 

Similarly, / is concave down on I if the graph of/lies below all of its tangent lines on /. 
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The graphs above illustrates the definition of concavity. Now, we shall see that the 
second derivative /" tells us where / is concave up and where / is concave down. If / is 
concave up on ( a , b), then the slopes of the tangent lines increase from left to right as shown 
/' > 0 <=>/ is increasing in the left figure above. This means that the first derivative/' is increasing on (a, b). We know 
/' < 0 <=> / is decreasing that if/' is an increasing function, then its derivative/" must be positive on (a, b). In a 
similar way, it can be shown that if/is concave down on (a, b ), then /"(x) < 0 on (a, b). 
These observations suggest the following theorem. 


Theorem 


Let the function/be twice differentiable on the interval I. 

If /"(*) > 0 for all the values of x on the interval /, then /is concave up on /. 

If /"(x) < 0 for all the values of v on the interval /, then/is concave down on I. 
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Determine where the following functions are concave up and where they are concave down. 


a. f(x) = 9-x 2 


b. f(x) = e x 


c. f(x) = x 3 


Solution a. 

As a conclusion of the 
above theorem, we must 
examine the sign of the 
second derivative. u 


c. 



From the sign chart,/"(x) changes sign from negative to positive at the point x = 0. Observe 
that the point (0, 0) on the graph of f(x) = x 3 is where/changes from concave down to 
concave up. We call it the inflection point of/. 















Definition 


Inflection point __ 

An inflection point is a point where a graph changes its direction of concavity. 





y 


a x 


Note 

At each inflection point, either 

1. f"(a) = 0 or 

2. /"(a) does not exist. 



FINDING THE INFLECTION POINTS 


To find the inflection points of a function, follow the steps. 

Find the points where /"(x) = 0 and f"(pc ) does not exist. These points are the 
possible inflection points of the function /. 

Construct the sign chart of /"(x). If the sign of /"(x) changes across the point 
x = a, then (a,/(a)) is an inflection point of/. 


Example 
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Investigate /(x) = (x + l) 4 for concavity and find the inflection points. 


ScLr : /'(x) = 4(x + l) 3 

/"(x) = 12(x + l) 2 
x = -1 is a double root off "(pc) = 0. 


X 

-oo —1 4-oo 

/"(*) 



m 

concave 

up 

concave 

up 



From the sign chart, /(x) is concave up for all the values of x. 

Also, we have/"(x) = 0 when x = -1. 

But (-1, 0) is not the inflection point of/because/" does not change sign across x = -1. 


no 




































37 Find the intervals of concavity and the inflection points for f(x) = —x*~ 4x 3 + 9x 2 -7x + 5. 


f\x) = 2x 3 - 12x' 2 + 18 jc - 7 

f"(x) = 6x 2 - 24x + 18 = 6(x - 3)(x - 1) 

Because f"(pc) exists everywhere, the possible inflection points are the solutions of the 
equation/"(x) = 0; that is, x = 1 and x = 3. 


X 

-00 1 2 


+ 00 

/"(*) 


ri 


f(x) 

concave up 

concave down 

concave up 


(inf) (inf) 

From the sign chart for/", we see that/is concave up on (->», 1) and (3, °o) and concave 
down on (1, 3). It would also be true to say that/is concave up on (-«>, 1] and [3, and 
concave down on [1, 3]. 

Also, observe that /"(x) changes sign at x = 1 and x = 3. Therefore, the points (1,/(1)) and 
(3,/(3)) are the inflection points of/ 



Find the intervals of concavity and the inflection points for f(x) 


cosx - sin x on [0, 2 k]. 


Solution 


f'(x) = -sinx - cosx and/"(x) = -cosx + sinx 


Since/" is differentiable on [0, 2k], we must find the solutions of/"(x) = 0 on [0, 2k]. 

/"(x) = 0 => -cosx + sinx = 0 => tanx = 1 => x = — and x = —. 

J 44 


sin 



7T «D7C 

The sign chart of/" shows that /is concave down on (0, —) and (—, 2k) and concave up on 

<;■ ?>• 

4 4 


n . n 72 72 , bn . bn V2 , A 

4 4 4 2 2 J 4 4 4 2 2 


571 >/2 , y/2 


k 5k 

So, (—, 0) and (—, 0) are the inflection points off. 


Ill 

















m The function/(x) = x 3 + ax' 2 + bx + 3 has an inflection point at (1, 3). Find the values of a 
and b. 


f'(x) = 3x 2 + 2ax + b and f"(x) = 6x + 2 a 

We know that the inflection point of / occurs at a point where f"(x ) = 0 or f"(x) does not 
exist. 

Since (1, 3) is an inflection point, /"(1) = 0. 

Also we have /(1) = 3 because the point (1, 3) is on the graph of/. 

/"(I) = 0 => 6 • 1 + 2a = 0 => a = -3 

/(1) = 3 => l 3 + a • l 2 + • 1 + 3 = 3 => a + b - 0 => b = 3 


40 Find the equation of the tangent line to the curve /(x) = x 2 +— at its inflection point. 


We first need to find the inflection point of /. 
f(x) = 2x --4- and f"(x) =2 + ^ 

Setting f'\x) = 0 gives x = -1 and (-1, 0) is the inflection point. 

/" does not exist when x = 0 but this point is not the inflection point of f. (Why?) 

Now we can find the equation of the tangent line at the point (-1, 0). The slope of the 
equation is 

m = f\- 1) = 2 • (-1) - = -2 -1 = -3. 

Using the point-slope form of a line, 
y - y, = m • (x - x,) 
y - 0 = -3 • (x + 1) or y = -3x - 3. 







Note 

In the beginning of this section we have 
seen that an increasing graph can be either 
concave up or concave down. This shows 
that the increase and decrease of a function 
is independent of the concavity of the 
function. 

Remember that the sign of the first derivative determines wdiere/is increasing and decreasing, 
whereas the sign of the second derivative determines w 7 here/is concave up and concave down. 



RELATIONSHIP BETWEEN A GRAPH AND ITS DERIVATIVES 



Check Yourself 9 




1. Find the intervals of concavity and the inflection points for each function. 

a. /(x) = x 3 - 2x 2 - 7x + 3 b. /(x) = c. h(x) = x + e x 

x-1 

2. The function /(x) = x 3 + ax 2 + bx + 2 has an inflection point at (1, -1). Find a and b. 

3. The graph of a function y = f(x) is shown in the figure. 

a. Find the intervals of increase and decrease of/. 

b. Find the intervals of concavity of/. 

Answers 



2 2 2 

1. a. concave up: (—,<»), concave down: (-«>, — ), inflection point x = —. 

3 3 3 

b. concave up: (1, °°), concave down: (-°o, 1), no inflection point. 

c. concave up: (-«>, <*>), no inflection point. 

2. a = -3, b = -1 3. a. increasing: (1, 2), (4, 6), (8, 9) b. concave up: (3, 6), (6, 9) 

decreasing; (2, 4), (6, 8) concave down: (1, 3) 
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B. THE SECOND DERIVATIVE TEST 


We have seen that the first derivative test helps us classify the critical points of a function/. 
Here we learn an alternative test for determining whether a critical point of / is a local 
maximum or a local minimum. 


COND DERIVATIVE TEST 




Let / be twice differentiable on an interval I and c be a critical point of / in I such that 

/'(c) = 0 . 

If/"(c) > 0, then/has a local minimum at x = c. 

If /"(c) < 0, then/has a local maximum at x = c. 




The graphs above illustrates the second derivative test. We know that/is concave up near c 
if/"(c) > 0. This means that the graph of/lies above its horizontal tangent at c and so 
/ has a local minimum at c. 



Apply the second derivative test to find the local extrema of the function 
/(x) = x 3 - 3x 2 - 9x + 6. 


Solution f'(pc) = 3x 2 - 6x - 9 and/"(x) = 6x - 6. 

So, f\x) = 0 gives x = -1 and x = 3, the critical points of/ 

To apply the second derivative test, we compute/" at these points. 

/"(-1) = -12 and/"(3) = 12 

Since/"(-l) < 0, the second derivative test implies that/(-l) = 11 is a local maximum value 
of/ And since/"(3) > 0, it follows that/(3) = -21 is a local minimum value. 

Remember that we had found the same results by using the first derivative test in Example 24. 











Note 

The second derivative test can be used only when /" exists. Moreover, this test fails when 
/ "(c) = 0. In other words, if f '(c) = 0 = / "(c), then there might be a local 
maximum, a local minimum, or neither at the point x = c. In such cases we must use the 
first derivative test. 


42 Find the local extrema of the function/(x) = 3x 5 - 5x 3 + 3. 

Solution /'(x) = 15x" - 15x 2 = 15x 2 (x 2 - 1) = 15x 2 (x - l)(x + 1) = 0 
So, the critical points are x = -1, x = 0, and x = 1. 

The second derivative is /"(x) - 60x 3 - 30x. 

When we compute /"(x) at each critical point, we find that 
/"(_!) = -30 < 0,/"(0) = 0,/"(l) = 30 > 0. 

The second derivative test tells us that/has a local maximum at x = -1, a local minimum 
at x = 1. Since/"(0) = 0, this test gives no information about the critical point 0. Let us 
apply the first derivative test. 


X 

-OO — 

1 0 1 

+ 00 

f(x) 

+ l 

n 

- 

u 

f(x) 

/ 

\ 

\ 



We see that /' does not change sign at x = 0. So, / does not have a local maximum or 
minimum. 


Check Yourself 10 

Apply the second derivative test to find the local extrema of each function. 

1. /(x) = 4x 3 + 9x 2 - 12x + 7 

2. /(x) = 8x 5 - 5x 4 - 20x 3 

3. /(x) = x + - 

X 


Answers 


1. max.: x = -2 
1 

min.: x = — 
2 


2. max.: x = -1 


nun.: x = — 
2 


3. max.: x = -2 
min.: x = 2 
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EXERCISES 2.3 


i. f(x ) = Vx + 1 

j. /(x) = $5- X 

p x _ p-* 

Ok. /(x) = —-— 


01. /(x) = -Arcsin(x - 2) 


OO m. fix) = 


sinx 

1 - COS X 


A. Concavity 

1. The graphs of two functions are given. Find the 
intervals where the second derivative of the 
function is positive or negative. 




2. Find the intervals of concavity and the inflection 
points for each function. 

a. fix) = x 2 - 5x + 6 

b. fix) = -2x 2 + lx 
e. fix) = x 3 + x 2 

d. fix) = x 3 - 3x 2 4* 5x - 7 

e. K x ) = 3x 4 - 16x 3 + 30x 2 + 4 

f. fix) = ^ x 4 - 6x 2 + 4x - 7 

g. fix) = 3x 5 - 10x 3 + 5x 

h. /(x)= \ 

X 


3. Find a and b, if fix) = x 4 - 4x 3 + ax 2 + b has an 
inflection point at (1, 3). 


4. The function fix) = x 4 + kx 2 + 7x - 7 has an 
inflection point at x = 1. Find the coordinates of 
the other inflection point. 


5. Find the coordinates of the inflection points of 

° e x 

the function fix) = — -on the interval (0, <»). 

x“ +1 


6. Find the coordinates of the inflection points of 
the function/(x) = e x sinx on the interval [0, tc]. 
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Mixed Problems 


7. The graph of the derivative of a function/is shown 
in the figure. Find the intervals of concavity and 
the inflection points off 



10. Given the graph of fix), plot a rough graph of 


© 


/'(*)• 



B, The Second Derivative Test 

8. Determine whether / has a local maximum or 
minimum at the given value of x, using the 
second derivative test. 

a. f(x) = |x 3 - 3x 2 - 7x + 5, x = 7 

b. f(pc) = x 4 - 3x 2 + 2, x = 0 

1 1 

c. f(%) = 4x 3 +x 3 , x = —1 

d. fix) = x 2 +— , x = 1 

X 


9. Find the local extrema of the following functions, 
using either the first or second derivative test. 

a. /(x) = x 3 + 6x" + 9x + 1 


b. 

c. 

d. 


/(x) = x 4 + 4x 3 + 2x 2 + 1 

2 
X 


f(x) = 


x-2 


f(x) = (x + 3) 3 


e. f(x) = 


1 

1 + x 2 


f. fix) = x + sin x 


11. Show that a cubic function has exactly one 
inflection point. 


12. Show that a polynomial function of degree 4 has 
either no inflection point or exactly two inflection 
points. 


13. Find the equation of the tangent line to the curve 

v = —x 3 - 2x 2 + 3x + — at its inflection point. 
y 3 3 1 


14. Find a, b, and c so that /(x) = ax 3 - 3x 2 + bx + c 
has an inflection point at the point (-1, 1) and a 
local extremum at x = -2. 


15. The tangent line to the curve 

fix) = x 3 + 3x 2 + cx + 1 at the inflection point of 
/is perpendicular to the line y - x + 4. Find c. 


16. Given that g(x) = e x */(x) where/is a differentiable 
function for all real numbers and the function gix) 
has an inflection point at x = ci. find an expression 
for f"ia) in terms off fa) and /(a). 
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OfflMJZATICHI PI03U j'/J 





In this section we solve applied maximum-minimum problems in which the function is not 
given directly. When we face such a problem, we are required to first find the appropriate 
function to be maximized or minimized. The following steps wall be helpful for solving these 
problems. 

1. Determine the quantity to be maximized or minimized and label it with a letter (say M for now). 

2. Assign letters for other quantities, possibly with the help of a figure. 

3. Express M in terms of some of the other variables. 

4. Use the data in the problem to write M as a function of one variable x, say M = M(x). 

5. Find the domain of the function M(x). 

6. Find the maximum (or minimum) value of M(x) with the help of the first derivative. 

Such problems where we look for the “best” value are called optimization problems. 


Example 
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A man has 40 m of fencing that he plans to use to enclose a 
rectangular garden plot. Find the dimensions of the plot that 
will maximize the area. 


Solution 


I-1/, 


Given a rectangle with 
sidelength a and b 

= 2 (a + b ) 
Are = a - b 


We w'ant to maximize the area A of the rectangular plot. 

Let x and y represent the length and width of the rectangle. 
Then, since there is 40 m of fencing, 

2x + 2 y = 40 or x + y = 20. 

Then we express A in terms of x and y: A = x • y 
Expressing A as a function of just one variable, 
we get A(x) = x • (20 - x) = 20x - x 2 (since y = 20 - x). 
Since the dimensions will be positive, 
x > 0 and y = 20 - x > 0 or 0 < x < 20. 



The derivative is A'(x) = 20 - 2x. So, the only critical point is x = 10. To investigate this 
critical point, we calculate the second derivative. Since A"(x ) = - 2 < 0, the second 
derivative test implies that A has a local maximum x = 10. 


We can verify that this local maximum is the absolute maximum by showing that the graph of 
A is concave down everywhere. Since A"(pc) < 0 for all the values of x in (0, 20), maximum 
value of A occurs at x = 10. The corresponding value of y is y = 20 - x = 20 - 10 = 10. 

Thus, the garden w^ould be of maximum area (100 m 2 ) if it was in the form of a square with 
sides 10 m. 









Note 

Suppose that/has only one critical point c in the interval L Uf"(x) has the same sign at all 
points of J, then f(c) is an absolute extremum of / on 1. This absolute interpretation of the 
second derivative test is useful in optimization problems. 



Find two positive numbers x and y such that their sum is 15 and x 2 + oy is as small as possible. 


We have x + y = 15 and we want to minimize M = x 2 + 5y. Expressing M as a function of 
just one variable we get M(x) = x 2 + 5(15 - x) = x 2 - 5x + 75 (since y = 15 - x). 

Since both numbers are positive, x > 0 and y - 9 - x > 0 or 0<x<9. 

5 

The derivative is M'(x ) = 2x - 5. So, the critical point is x = —. 


Since M"(x) = 2 > 0 for all the values of x in (0,9), the second derivative test implies that 
x = — is the minimum value of M(x). 

^ 5 5 25 

Therefore, M gets its minimum value when x = —, and y = 15-x = 15 — = —. 



45 A manufacturer has an order to make cylindrical cans with a 
volume of 500 cm 3 . Find the radius of the cans that will 
minimize the cost of the metal in their production. 


In order to minimize the cost of the metal, we minimize the 
total surface area of the cylinder. 

The volume of the can is V = k r 2 h = 500. So, h = . 

nr 

Hence the surface area of the can as a function of r is 



The surface area of a 
cylinder is 2nr + 2nrh 
and the volume is Kr 2 h 
where r is the radius 
and h the height. 


,500 v „ 2 . 1000 


A(r ) = 2nr- + 2nr ■ (—r-) = 2 nr 2 H-, r 


7U'“ 


1000 


The derivative of A(r) is A'(r) = 4 izr -; 


Thus, the only critical point is r = 3i 


250 


> 0 . 

4(7ur 3 -250) 



o- „ 2000 

Since A (r) = 47t H-3— 


> 0 for r = 



the second derivative test implies that A gets its 


minimum value when r = , 3 , 


250 
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ESS 46 Find the area of the largest rectangle that has two vertices on the x - axis and another two above 
the x - axis on the parabola y = 3 - x 2 . 

-^o-ution Let (x, y) be the vertex of the rectangle in the 
first quadrant. Then the rectangle has sides with 
the lengths 2x and y. So, its area is A = 2 xy. 

Using the fact that (x, y) lies on the parabola 
y = 3 - x 2 , the expression to be maximized is 
A(x) = 2 • x • (3 - x 2 ) = 6x - 2x 3 . 

The domain of this function is (0, 73). 

Its derivative is A'(x) = 6 - 6x 2 . 

So, the critical points are - 1 and 1. 

Only the positive value x = 1 lies in the 
interval (0, 73). Since this is the only critical 
value in the interval, we can apply the second 
derivative test. 

The second derivative is A"(x) = -12x and in 
particular A"(x) < 0 for all the values of x in 
(0, 73). So, the maximum value of A(x) in this interval is A(l) = 4. Therefore, the area of 
the largest rectangle is 4. 



Example 


47 


Find the point on the line y = x + 2 that is the closest to the point (1, 2). 


Let (x, y) be a point on y = x + 2 such that the distance 
d between (x, y) and (1, 2) is a minimum. 

We have d = ^/(x — l) 2 +(z/-2) 2 . 

If the point (x, y) is on the line, then y = x + 2. To 
rewrite d in terms of the single variable x, substitute 
y = x + 2. 

After substitution, d = yj(x - 1) 2 4- x 2 = 72x 2 -2x+ 1. 

It is clear that the minimum of d occurs at the same point as the minimum of dr. So, we 
minimize d 1 to simplify calculations by letting M = dr. 

M(x) = 2x 2 - 2x + 1 has derivative M'(x) = 4x - 2. 

So, M'(x) = 0 when x = —. Since M"(x) = 4 > 0, the minimum value occurs at x = —. 

2 2 

15 15 

Since y = — + 2 = —, the point (—, —) is the closest point to the point (1, 2). 

2 2 2 2 


e cc c Ci 

Distance between 
two points 

(x p y { ) and (x v i/ >2 ) is 
+ (y { -y 2 f . 
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48 The swimmer is 40 m from the shoreline. The lifeguard is 100 m from the point on the shore 
that is directly opposite the swimmer. The guard can run at a speed of 5 m/s and swim at a 
speed of 3 m/s. What path should the guard follow to get to the swimmer in the least time? 

Let x be the distance denoted in the given diagram. 


swimmer 



Recall that if travel is at a constant rate of speed, then 
(distance traveled) = (rate of travel) • (time elapsed). 

In short, D = R • T or T = —. 

R 

The total time elapsed is 

x x . . swim distance run distance 

1 (x) = (swim time) + ( run time) =-i- 

swim rate run rate 


V40 2 + x 2 100- x 
3 + 5 ’’ 


We wish to minimize the total time elapsed. So, we differentiate this equation to get 

1 1 s a r\ c ) . 9 \ - lo / j a 9 . 9 \ / 1 r 1 

3V40 2 + x 2 5' 


T'(x) = (40 2 + x 2 )'^ .(40 2 + x 2 )= 

3 2 5 


T’(x) = 0 gives 5x = %/40 2 + x 2 => 25x 2 = 9(40 2 + x 2 ) => 16x 2 - 9 • 40 2 => x = ± 30. 
But x & -30 since x measures a distance. 


It is left to the student to verify that T"( 30) > 0 which means x = 30 corresponds to a path 
of minimum time. 


Check Yourself 11 

1. Find two positive numbers x and y such that their sum is 9 and x 2 y is as large as possible. 

2. A rectangle has area of 144 m 2 . What dimensions will minimize its perimeter? 

3. An open rectangular box with a square base is to be made from 300 cm 2 of material. Find 
the dimensions of the box with the maximum volume. 

4. Find the minimum distance from the line 2x + 3y = 13 to the origin. 

Answers 

1. x = 6, y = 3 2. 12, 12 3. 5, 10 4. Vl3 
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ftffflA&lflj'J Or LJd 



How can we explain why a pencil appears to be 
broken when it is immersed partially into water or 
why objects under water appear to be nearer the 
surface than they really are to an observer looking 
down? It is an illusion caused by the refraction of 
light. 

When light passes from one transparent medium to 
another (like air and water), it changes speed, and 
bends according to the law of refraction which 
states: 

sin 0j _ sin 0. 2 
Vi v 2 

where, 



Vj is the speed of light in medium 1, 
v 2 is the speed of light in medium 2, 

0, is the angle between the incident ray and normal to the surface at the point II 
0 2 is the angle between the refracted ray and the normal. 



The experimental discovery of this relationship is usually credited to Willebrord 
Snell (1591-1627) and is therefore known as Snell’s law. 











Snell’s law can be derived from a physics principle discovered by Pierre de Fermat, 
the seventeenth-century mathematician. Fermat’s principle states that a ray of 
light travels the path of minimum time. The derivation of Snell’s law from 
Fermat’s principle represent an interesting application of the derivative. 


Suppose a light ray is to travel from A 
to B, where A is in the medium 1 and 
B is in the medium 2. Using the 
geometry of the figure given above, 
we see that the time it takes the ray 
to travel from A to B is 

, d, cL /x . distance x 

t = — + — (time=-), 

Vj v 2 velocity 


t(x) = 


yfa 2 +x 2 
Vi 


V(d-x ) 2 + b 2 

V 2 


A 



medium 1 
medium 2 


We obtain the least time, or the minimum value of t, by taking the derivative of t 
with respect to x and setting the derivative equal to zero. 



t\x) = 


x 


d-x 


VjVa 2 + x 2 


V(d-x ) 2 + l ? 2 


The function t is differentiable for all the 
values of x. So, the only critical values are the 
solutions to the equation t'(x) = 0. This 
equation gives the condition that 


x 


d-x 


From the figure, we see that sin 0j = 


x 


VjVa 2 +x 2 v 2> /(d-x) 2 + 1? 2 

d-x 


Va' 2 +x 2 


and sin 0 2 = 


V(d-x ) 2 + /? 2 ‘ 

Using these equations, we obtain S ^ n ^ = S ^ n , which is Snell’s law. 






































1. Find two positive numbers such that their sum is 
30 and their product is as large as possible. 


2. One number is 4 larger than another. How must 
they be chosen in order to minimize their 
product? 

3. The sum of two positive integers is 10. Find the 
maximum value of the sum of their squares. 


4. Find the minimum possible value of the sum of 
two positive numbers such that their product is m. 


1 ■ A man has 120 metres of fencing. He wishes to 
enclose a rectangular garden adjacent to a long 
existing wall. He needs no fence along the wall. 
What are the dimensions of the largest area he 
can enclose? 


8. A closed rectangular 
box is to be made with 
192 cm 2 of material. 
The length of its base 
is twice its width. 
What is the largest 
possible volume of 
such a box? 



5. Find the value of m if the sum of squares of the 
roots of x 2 + (2 - m)x - m - 3 = 0 is to be 
minimum. 


6. A farmer has 100 m of fencing and wants to build 
a rectangular pen for his horse. Find the 
dimensions of the largest area he can enclose. 



9. An open tank with a square base is to be made of 
sheet iron. Its capacity is to be 4 m 3 . Find the 
dimensions of the tank so that the least amount of 
sheet iron may be used. 


10. A rectangular sheet of 
tin, 30 cm by 48 cm, 
has four equal squares 
cut out at the comers. 
The sides are then 
turned up to form an 
open rectangular box. 
Find the largest possible 
volume of the box. 


30 cm 
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11. A closed cylindrical drum with the volume 54 m 3 
is to be manufactured using the minimum 
amount of metal sheet possible. Find the diameter 
of the base of the drum. 


12. The sum of two non-negative numbers is 10. Find 
the minimum possible value of the sum of their 
cubes. 


13. 


Find the area of the 
largest rectangle that is 
inscribed in a circle with 
the radius R. ([AC| is the 
diameter of the circle 
because an angle inscribed 
semicircle is a right angle). 



17. In the figure on the right, 
the point (x, y) lies on 
the graph of the ellipse 

x 2 y 2 . 

— + —= 1 m 
9 16 



the first quadrant. 

For what value of y will 
the area of the triangle POA be maximum? 


18. Find the length of the diagonal of the rectangle 
^ with the largest area that can be inscribed in an 
isosceles triangle of base 24 cm and height 10 cm. 


19. A right cylinder is inscribed 
in a right circular cone with 
the radius 3 cm and height 
5 cm. Find the dimensions 
of the cylinder of maximum 
volume. 



1 1. What is the shortest distance from a point on the 
^ curve y 1 = 8x to the point (4, 2)? 


5 Find the point on the curve y = lnx that is closest 
to the line y = x. 


16. What is the minimum 
possible area of a right 
triangle that is formed 
in the first quadrant by a 
line passing through the 
point (4, 3) and the 
coordinate axes? 


y* 



V 


\ 

3 

\ll. 3) 

7\ 



4 7 


4 \ x 


20. Car A is 125 km directly west of car B and begins 
'* moving east at 100 km/h. At the same time, car B 
begins moving north at 50 km/h. At what time t 
does the minimum distance occur? 



21. Among all tangents to graph of 
♦5 o ^ 4o 

y = x 3 - 6x 2 H- x +1 at positive x-values, the 


one wliich intersects y-axis at maximum y-value 
is chosen. Find that y-value. 
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PiO'nJj'JS DStAPs.\£> 


A. ASYMPTOTES 


We represent an asymptote 
by drawing a dashed line. 


When plotting the graph of a function, we need to know 7 the behavior of the function at 
infinity and the behavior near points where the function is not defined. To describe these 
situations, we define the term “asymptote”. 


An asymptote is a line that a curve approaches closer and 
closer until the distance between the asymptote and the 
points on the curve approaches zero. 



x — 1 

Consider the graph of the function /(x) =-. 

x + 2 

Observe that / is increasing on the interval (-2, °°)- So, you 
might think that its values /(x) increase without bound as x 
increases without bound. (f(x) —> °° as x -> <»). However, we 
can see that the graph of / approaches the line y = 1 as 
x -> oo. So, we say that y = 1 is a horizontal asymptote off 

Next, the function/is not defined at x = -2. Let us examine 
the behavior of/near -2. We see that the graph of/goes to 
plus infinity as x approaches -2 from the left, whereas the 
graph goes to minus infinity as x approaches -2 from the 
right. So, we say that x = -2 is a vertical asymptote. 



asymptote 



vertical asymptote 

The line x = a is a vertical asymptote of the graph of /(x) if 
either 

lim /(x) = ±°o or lim fix) = ±©o. 

x -» a + x -> a~ 



P( X ) 

A rational function f(x) = ■■■■ - has a vertical asymptote x = a whenever only the 

Q(x ) 

denominator of f(x) equals zero (that is, Q(a) = 0 but P(a) * 0). 
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49 Find the vertical asymptotes of the function /(x) = 9 X 
Let P(x) = x and Q(x) = x 2 - 4. 

Note that x = -2 and x = 2 are the roots of the denominator. 

Since P(-2) * 0 and P(2) * 0, x = -2 and x = 2 are both vertical asymptotes of the graph of/. 


horizontal asymptote _ 

The line y = b is a horizontal asymptote of the graph of/(x) 
if either 

lim /(x) = b or lim/(x) = b. 





A rational function 
horizontal asympote: 


_ v fl/+fl„ j +... + aj + fl n , , r n i. 

f(x) = — --:- - -— has the following limit as 

J v L m i m-1 -J- 4- h X b 

{ ±oo if n > m 

a n /b m if n - m. 

0 if n < tn 


SO Find the horizontal asymptote of the function f(x) = 2 X — . 

To j&nd the horizontal as\Tnptotes we must evaluate lim f(x). 

X— 

Since the degree of the polynomial in numerator is smaller than the degree of the polynomial 

x 

in denominator, lim—=-= 0. So, y = 0 is a horizontal asymptote of/. 

x-»oo _4 


51 


Find all the vertical and horizontal asymptotes of the function /(x) = 


x 2 -x 


2x - 5x + 3 


lutioc 


To find the horizontal asymptotes we must evaluate lim/(x). 

X-4°o 2 1 

Since the degree of x 2 - x equals the degree of 2x 2 - 5x + 3, lim —--= —. So, y = 1/2 

2x - 5x + 3 2 


is a horizontal asymptote of/ 

Next, to find the vertical asymptotes we must solve 2x 2 - 5x + 3 = 0. 

2x 2 - 5x + 3 = (x - l)(2x - 3) = 0 gives x = 1 and x = 3/2. 

However, x = 1 is also a root of numerator. So, only x = 3/2 is a vertical asymptote of/. 
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52 Find all the vertical and horizontal asymptotes of the function f(x) = 
2x 2 - 3x + 5 


2x 2 - 3x + 5 
x 2 + 1 


lim - 


= 2. So. y = 2 is a horizontal asymptote of/. 






x“ +1 

Since the denominator x 2 + 1 is never equal to zero, / has no vertical asymptotes. 

!§} Find all the asymptotes of the function /(x) = 2x 3 -5x 2 +7x -12. 

The function / is a polynomial function. But we can write it as a rational function with 

2x 3 -5x 2 +7x-12 


the denominator 1 such as f(x) = ■ 


1 


Since the denominator is never equal to zero,/has no vertical asymptotes. 

Next, compute lim (2x 3 - 5x 2 + 7x -12). 

We know that the limit of a polynomial at infinity is the limit of the term of highest degree. 
So, lim(2x 3 -5x 2 +7x-12) = lim 2x 3 = 2-(°o) :! = «* 

X—>+■*= X-H-oo 

lim (2x 3 -5x 2 +7x-12) = lim 2x 3 =2 -(-oo ) 3 = 

In other words, lim /(x) and lim/(x) do not exist. Therefore, / has no horizontal asymptote. 


Note 

A polynomial function has no vertical or horizontal asymptotes. 



oblique asymptote 

The line y = mx + n is an oblique asymptote of the graph of f(x) 
if either 

lim[/(x)-(77ix+n)] =0 or lim[/(x) -(mx +«)] =0. 

.V— 



To find the equation of an oblique asymptote, we use long division. 

P( x ) 

For a rational function /(x) = —— for which the degree of P is exactly one more than the 

Q(x ) 

£ 

degree of Q, bv dividing Q(x) into P(x), we get /(x) = mx + n H-. 

Q(x) 

In this case, we have lim[/(x)-(mx+n)] = lim —^— =0. 

x-*±» Q(x) 

So, the line y = mx + n is an oblique asymptote of the graph of f(x). 
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B. CURVE PLOTTING 

Curve plotting is the final part of our study of the derivatives. So far we have seen how to use 
the derivatives to find the most interesting features of a graph. With the use of all the 
information about the graph of a function, we can easily draw it. 

Find where /(x) is defined. 

Construct the sign chart of f'(pc) to determine the 
intervals where /(x) is increasing and where f(pc) is decreasing. 

Find the critical points of f and classify each as a maximum, a 
minimum, or neither by using the First Derivative Test. 

Construct the sign chart of /"(x) to determine the 
intervals where /(x) is concave up and where/(x) is concave down. With the help of 
the chart, find the inflection points. 

In y = f(x) setting x = 0 gives the ^-intercept and y = 0 gives the 
x-intercept(s). To find the x-intercept(s) may be difficult, in which case we do not use 
this information. 

Consider lim f(pc) and lim /(x) to see how the graph of / 

X -» +oo x —> -«* 

behaves as x —> ±«>. 

Find all the asymptotes of the graph and draw the asymptotes in a 
coordinate plane by using dashed lines. 

Start graphing by plotting the local extrema, inflection points, and intercepts. 
Then, using the rest of the information, complete the plot by joining the plotted points. 
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Find all the asymptotes of the graph of /(x) = 


x 2 -bx 
x-2 


x = 2 is a vertical asymptote of the graph of / because 2 makes only the denominator zero. 

Note that the degree of the numerator is one more than the degree of the denominator. So, 
the graph of/has an oblique asymptote. 

6 


By long division of x - 2 into x 2 + x, we can find that /(x) = 
So, y - x + 3 is an oblique asymptote off 


x 2 +x 
x-2 


= x + 3 + - 


Check Yourself 12 

Find all the asymptotes of the graph of each of the following functions, 
x — 1 ~ N 5x „ v x 2 -9 


i m= 


2x + 3 


2 . /(*) = - 


bx 

3 + x 2 


3 . m= 


-3 + 7x - 2x 2 


4. f(x) = 


x 2 -x-2 
x — 1 


Answers 

i 3 1 

1. x = —, y = — 
2 2 


2. y = 0 


o 1 1 

3. x = —, y = — 

2 ^ 2 


4. x = 1, y = x 










55 Plot the graph of the function fix ) = x 3 - 3x - 2. 


1. Domain: Recall that the domain of a polynomial function is all real numbers. So, / is 
defined for all the values of x. 


2 . 


Intervals of Increase and Decrease: f'(x) = 3x 2 
When/'(;c) = 0 we have x = -1 and x = 1. 
The sign chart of f' shows that / is increasing 
on (-oo, -1) and (1 -°°) and decreasing on (-1,1). 


-3 = 3(x + l)(x + 1) 


X 

—00 — 

1 1 

[ -f 00 

/'(*) 

♦ i 

- 

♦ 

m 

S 

\ 

/ 


(max) (min) 


3. Local Extrema: We have learned that a polynomial function is differentiable everywhere. 
So, the critical points of/(x) are the roots of /'(x) = 0. 

From the results of Step 2, we say that / has a local maximum at x = -1 and a local 
minimum at x = 1. 


Concavity and Inflection Points: f"(x) = 6x = 0 

When f"(x) = 0 we have x = 0. 

X 

—00 0 -1-00 

The sign chart of f" shows that / is concave 

/"<*) 


r^r 

down on (-©o, 0) and concave up on (0, <*>). 

So,/has an inflection point at x = 0. 

Intercepts: x = 0 => y = -2 (z/-intercept) 

m 

concave 

down 

concave 

up 


Setting y = 0 leads to a cubic equation. Since the solution is not readily found, we will 
not use this information. 


6. Behavior at Infinity: Recall that the limit of a polynomial function at infinity is the limit 
of the term of highest degree. 

lim f(x) = lim (x 3 - 3x - 2) = lim x 3 = (-©°) 3 = -«> 

X —»-oo X —» -°o X —> -oo 

(This means that /(x) decreases without bound as x decreases without bound. So, the 
graph of/goes to plus infinity as x -» -«>) 

1™ /(*) = Ibn C* 3 - 3x - 2) = lim x 3 = (+«>) 3 = +°° 

X —» + oc 

(This means that /(x) increases without bound as x decreases without bound. So, the 
graph of/ goes to plus infinity as x +°o) 


7. Asymptotes: A polynomial function has no asymptotes. 












8. Graph: We can find/(-l) = 0, 

/Cl) = -4, and /(0) = -2. 

Plot a local maximum at (-1, 0) a local 
minimum at (1, -4), an inflection 
point at (-1, 0), and the y-intercept at 
y = -2. Finally, complete the graph by 
passing a smooth curve through the 
plotted points. 



It is clear from the graph of / that x = -1 is a root of /(x) = 0. So, x 4- 1 is a factor of 
x 3 - 3x - 2. The other factor can be found by division: 

/(x) = (x + l)(x 2 - x - 2) = (x 4- l) 2 (x - 2). 


Hence x = 2 is also a root of/(x) = 0 and the graph crosses the x-axis at this point. But note 
that x = -1 is a “double root” of/(x) = 0 and the graph is tangent to the x-axis at x = - 1 . 


56 Plot the graph of the function/(x) = -x 4 4- 8x 2 - 7. 


1. Domain: Since/is a polynomial, it is defined for all the values of x. 

2. Intervals of Increase and Decrease: 

/'(x) = -4x 3 + 16x = -4x(x 2 - 4) 

When/'(x) = 0 we have x = -2, x = 0, 
and x = 2. 

/is increasing on (-<*, -2) and (0, 2), and 
decreasing on (-2, 0) and (2, +oo). 


X 

-oo -2 

0 

c 

2 +00 

f'(x) 

+ 


+ j 

- 

f(x) 


\ 


\ 


(max) (min) (max) 


3. Local Extrema: From the sign chart of /'(x), / has local maximum at x = -2 and 
x = 2, a local minimum at x = 0. 

4. Concavity and Inflection Points: 

/"(x) = -12x 2 +16 = 0 


When/"(x) = 0 we have x = ±——, 

V3 

2 

/ has inflection points at x = —= and 

V3 

5. Intercepts: x = 0 =» y = -7 (y-intercept) 

y — 0 => Xj = -1, x 2 = 1, x 3 = -V7, x 4 = 77 (x-intercepts) 


X 

_ 2 _ 

-OO yfs 75+00 

f"(x) 




2 /W 
73’ 

concave 

down 

concave 

up 

concave 

down 
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6. Behavior at Infinity: 

lim fix ) = lim (-x 4 ) — -(-o°) 4 = -«> and lim fix ) — lim (-x 4 ) = -(H-°°) 4 = +°° 

X —»-« X —> - oc X->+°o x—>+<» 

The graph goes to -oo to the left and to the right. 

7. Asymptotes: Since /is polynomial, it has no asymptotes. 

8. Graph:/(-2) = 9,/(0) = -7,/(2) = 9, /(~J=) = |, /(-^) =|. 



Check Yourself 13 

Plot the graph of each function. 

l./(x) = 2x 3 - 3x 2 - 12x 2. /(x) = x 2 (x - 2) 2 


Answers 
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if Plot the graph of the function /(x) 


x-3 
2x + 4 ’ 


I- domain: Recall that the domain of a rational function is all real numbers except the 
numbers that make the denominator zero. So,/is defined everywhere except x = -2. 

2. Intervals of Increase and Decrease: f'(x) = l’(2x + 4)-(x-3) -2 _-10- 

(2 x+4f (2x 4- 4) :! 

Since f'(x) > 0 for all the values of x except -2. So, / is always increasing in its domain. 

3. Local Extrema: Note that /' does not change its sign. By the first derivative test, we say 
that/has no local extrema. 


4. 


Concavity and Inflection Points: /"(x) = 


-40 

(2x + 4) 3 


The sign chart of /" shows that/is concave up 
on (-oo, -2) and concave down on (-2, -°o). 
Observe that/" changes its sign at x = -2. But 
at this point/is not defined. Therefore, there is 
no inflection point. 


X 

-00 

- 

2 

+ oo 

/"<*) 

+ 

C 

) 

- 

/(*) 

concave 

up 

concave 

down 


5. Intercepts: x = 0 =$ 

y = o => 


» = -■| (y -intercept) 
x = 3 (x - intercept) 


6. Behavior at Infinity: 

lim f(x) = lim ——— 
2x + 4 


_1 

2 ' 


7. Asymptotes: From Step 6, y = — is a horizontal asymptote of the graph of/ 

Also, x = -2 is a vertical asymptote of the graph of/because -2 makes the denominator zero. 


8. Graph: 
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x = -2 - 

vertical asymptote 

















X 


58 Plot the graph of the function /(x) = 


x 2 -4 


1. Domain: The domain of/is all real numbers except x = -2 and x = 2. 

2. Intervals of Increase and Decrease: /'(x) = 1 ‘ ( x . 2x = 

■ J (x 2 - 4) 2 (x 2 -4) 2 (a - 4 ) 

Sine ef'(x) < 0 for all the values of x except -2 and 2,/is always decreasing in its domain. 


3. Local Extrema: / has no local extrema. 


4. Concavity and Inflection Points: 

X 

-oo 

2 0 ^ 

l +00 

_ 2 • x (x 2 + 8) 

1 ^ (x 2 - 4) 3 

f"(x) - 0 only when x = 0. 

f"{x) 

- 

+ 

- 

+ 

fix) 

concave 

down 

concave 

up 

concave 

down 

concave 

up 


/" is not defined at x = -2 and x = 2. 

Thus,/is concave up on (-2, 0) and (2, «>) and concave down on (-©o, -2) and (0, 2). The 
sign of f"(x) changes at the points x = -2, 0, and 2. But the only inflection point is 
x = 0 because/is not defined at -2 and 2. 

5. Intercepts: x = 0 => y = 0 and y = 0 => x = 0. 

The point (0, 0) is the only intercept. 

6. Behavior at Infinity: 

lim f(x ) = lim - A - = 0. 

*-►±<>0 x -> ±« x — 4 

7. Asymptotes: From Step 6, y = 0 (the x - axis) is a horizontal asymptote of the graph of/ 

Next, x = -2 and x = 2 are vertical asymptotes of the graph of/because they make the 
denominator zero. 





















59 Plot the graph of the function /(x) = 


x- x 4- 4 

x -1 


1. Domain: / is defined for all the values of x except x = 1. 

2. Intervals of Increase and Decrease: /'(x) = ^ ^— x + 4) _ x—2x—3 

7 V ) (x-1) 2 (x-1) 2 

When/'(x) = 0, x = -1 and x = 3. 

Also, note that/'(x) is not defined at x = 1. 

From the sign chart of/', /is increasing on 


X 

-oo-l 1 3 +00 

f'(pc) 

+ c 

) - ( 

) - c 

) + 

f(x) 


\ 

\ 



(-1, 1) and (1, 3). 

v 7 (max) (mm) 

3. Local Extrema: / has a local maximum at x = -1 and a local minimum at x = 3. 


8 


X 

1 

8 

+ 

8 

f"(x) 

- 

+ 

fix) 

concave 

down 

concave 

up 


4. Concavity and Inflection Points: f\x) = 

(x — 1) 

We conclude that/is concave down on (-©©, -1) and 
concave up on (1 But it has no inflection point 
because -1 is not in the domain off 

5. Intercepts: x = 0 =» y = -4 (y- intercept) 

y - 0=>x 2 -x + 4 = 0 A<0 (no x - intercepts) 

6. Behavior at Infinity: lim fix) = lim x ~ x + 4 = ±OQ 

x X ±°° JQ _ 2 

7. Asymptotes: Note that the degree of the numerator of / is exactly one more than the 
degree of the denominator off 
So,/has an oblique asymptote. 

By long division, we have /(x) = x + 


x-1 


So, y = x is an oblique asymptote off 
Next, x = 1 is a vertical asymptote off 

8. Graph:/(-l) = -3 and/(3) = 5. 
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Check Yourself 14 

Plot the graph of each function. 








Fill in the 3x3 field of squares such that 
the graph of the derivative is located 
below each graph. 


a b c 































EXERCISES 2.5 


A. Asymptotes 

l. Find all the asymptotes of the graph of each function. 


a- /(*) = 


x + 1 


b- /<*) = 


(x-1) 3 


c. f(pc ) = x 3 - 4x a - 5x + 6 d. f(x) = — + 2 - 

4-x 


e. /(*) = 

& /(*) = 
L /(*) = 
k - /(*) = 


-3x 


(x + 3) 2 

(x-1) 2 
x 2 + 2x - 3 

x-3 

x 2 - 5x - 6 

x 2 + 2x + 3 
x-1 


f - m= 
h ' m= 
3- /(*)- 


x 2 +l 

1-x 2 

4 - x - 3x 2 
2x 2 + 3x - 9 


x 2 +9 


2. 'Hie curve y = - 


3x-l 


x +x + m 
asymptote. Find rn. 


has exactly one vertical 


B. Curve Plotting 


3. Plot the graph of each polynomial function. 

a. /(x) = x 3 - 6x 2 
b-/(x) = (x - l) 2 (x + 3) 
c ‘ f( x ) — - 2x 2 + x - 2 

d./(x) = (x 2 - 4) (3 -x) 
e - K x ) = x 4 ~ 2x 2 + 1 
f./(x) = x(x — l)(x + l) 2 


4 In the figure the graph of 
a cubic function y = /(x) 
is given. Find the local 
minimum value of /. 



-2 


5. The graph of the 
function 

/(x) = a(x-2) 2 (x + b) 
is shown in the figure. 
Find a and b. 


y 



6. The graph of the function 
/(x) = a(x + b)\x + c) is 
shown in the figure. / has 
an inflection point at 
x = -1. 

Find the sum a + b + c. 



7. Find the equation of a 
polynomial function of 
degree 4 w'hose graph is 
shown in the figure. 



8 Plot the graph of each rational function. 


^ /(*) = 


x-1 
x + 1 


b. 


/(*)= 


i 

x 2 + 1 


c. /(x) = 


e - /(.*) = 


x-1 

x 2 - 2x - 3 

x 2 -9 
x 2 + 3x 


d. f(x) = 


(x + 1) 2 

x 2 - 4x + 3 


f - / (x) = 


x 2 + X 
x-2 


Mixed Problems - — 


9. Plot the graph of each function. 

G 

a. /(x) = -.W4-x 2 b. /(x) = J777 

Vx + 2 

c- /(x) = e^ d - 

e - /(^) = ln(x 2 + 4) f. /(x) = sin x + cos 2 x 

10. State how many solutions the equation 
~ 2x 3 + 3x 2 - 12x + 3 = a has for each value of a. 
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If we have the indeterminate forms 0/0 or 

f'(x) 

EHospital’s Rule says that if lim exists, then 

9 (x) 

y Ax) v f\x) 
g(x) *~> a g (x) 


A function/is increasing on an interval 7 if f(x) increases 
as x increases for every x in 7. 

Similarly,/is decreasing on an interval 7 if/(x) decreases 
as x increases for every x in 7. 

If f'(x) > 0 for all the values of x in the interval 7, then 
f{x ) is increasing in 7. 

If A (pc) < 0 for all the values of x in the interval 7, then 
f(x) is decreasing in 7. 

A function / has an absolute maximum at c if 
/(c) >/(x) for all the values of x in the domain of/ 
Similarly, / has an absolute minimum at c if 
/(c) < f(x) for all the values of x in the domain of/ 

A function/has an local maximum at c if 

/(c) >/(x) for all the values of x in an interval 7 containing c. 

Similarly, / has a local minimum at c if 

/(c) </(x) for all the values of x in an interval 7 containing c. 

The number c in the domain of/is called a critical point 
if either/'(c) = 0 or /'(c) does not exist. 

If a function / has a local extremum at c, then c is a 
critical point of/. 

Let c be a critical point of a function /. The First 
Derivative Test says that: 

1. if/' changes from positive to negative at c, then/has 
a local maximum at c. 

2. if/' changes from negative to positive at c, then f has 
a local minimum at c. 

3. If/' does not change sign at c, then / has no local 
maximum or minimum at c. 

If a function/is continuous on a closed interval [a, b ], 
then / has both an absolute maximum and an absolute 
minimum on [a, b\. 


To find the absolute extrema of a continuous function on 
a closed interval [a, b], use the Closed Interval Method. 

1. Find the critical points of/ on the interval [a, b]. 

2. Evaluate f(x) at each critical point. 

3. Evaluate/(a) and/(£>)• 

4. The largest of the values of/ found in previous is the 
absolute maximum, shown by/ ma Ja, b]\ the smallest of 
these values is the absolute minimum, / mln [a, b]. 


A function /is concave up on an interval 7 if the graph of 
/ lies above all of its tangent lines on the interval 7. 

Similarly, / is concave down on 7 if the graph of / lies 
below all of its tangent lines on 7. 

If/"(x) > 0 for all the values of x on the interval 7, then 
/ is concave up on 7. 

If/"(x) < 0 for all the values of x on the interval 7, then 
/ is concave down on 7. 

An inflection point is a point where a graph changes its 
direction of concavity. 

To find the inflection points of a function, follow the steps: 

1. Find the points where/"(x) = 0 and /"(x) does not 
exist. These points are the possible inflection points of 
the function /. 

2. Construct the sign chart of /"(x). If the sign of /"(x) 
changes across the point x = a, then (a, /(a)) is an 
inflection point of/. 

The Second Derivative Test is an alternative test for 
determining whether a critical point of / is a local 
maximum or a local minimum. Let / be twice 
differentiable on an interval 7 and c be a critical point of 
/in 7 such that/'(c) = 0. 

1. If/"(c) > 0, then f has a local minimum at x = c. 

2. If/ "(c) < 0, then/has a local maximum at x = c. 


To solve optimization problems, follow the steps: 

1. Determine the quantity to be maximized or minimized 
and label it with a letter (say M for now). 

2. Assign letters for other quantities, possibly with the 
help of a figure. 

3. Express M in terms of some of the other variables. 


138 









4. Use the information given in the problem to write M 
as a function of one variable x, say M = M(x). 

5. Find the domain of the function M(x). 

6. Find the maximum (or minimum) value of M(x). 


An asymptote is a line that a curve approaches more and 
more closely until the distance between the asymptote 
and the points on the curve must approach zero. 

The line x = a is a vertical asymptote of the graph of/(x) 
if either lim fix ) = ±°° or lim fix ) = ±«>. 

x-»a* , x—>a 

A rational function f(x) = ^ X ^ has a vertical 

Q(x) 

asymptote x = a whenever only the denominator of fix) 
equals zero (that is, Q(a) = 0 but P(a) * 0). 

The line y = b is a horizontal asymptote of the graph of 
fix) if either lim fix) -b or lim fix) = b. 

X —»-oo X —>+» 

To find the horizontal asymptote of a rational function, 
apply the rule: 

n > m 

n = m 

n < m 

The line y = mx + n is an oblique asymptote of the 

graph of/(x) if either 

lim [f(x)-(mx + ri)] = 0 or lim[/(x) -(mx+n)] =0. 

X-»» X —»-eo 

If the degree of the numerator of a rational function is 
exactly one more than the degree of its denominator, 
then the graph of the function has an oblique asymptote. 

A polynomial function has no asymptotes. 

To plot the graph of a function, follow the steps: 

1. Domain: Find where fix) is defined. 

2. Intervals of Increase and Decrease: Construct the 
sign chart of /'(x) to determine the intervals where 
fix) is increasing and where fix) is decreasing. 

3. Local Extrema: Find the critical points of / and 
classify each as a maximum, a minimum, or neither 
by using the First Derivative Test. 

4. Concavity and Inflection Points: Construct the sign 
chart of /"(x) to determine the intervals where/(x) 
is concave up and where/(x) is concave down. With 
the help of the chart, find the inflection points. 


^ a n x +a w -i* " + _ 


jX 7 ” 1 4-... + f?,x + b 0 


a n / bm 
n ' m 

0, 


5. Intercepts: In y =/(x) setting x = 0 gives the ^-intercept 
and y — 0 gives the x-intercept(s). To find the 
x-intercept(s) may be difficult, in which case we do not 
use this information. 

6. Behavior at Infinity: Find lim fix) and lim f(pc) to 

X -» +oo X -» -<» 

see how' the graph of/behaves as x -> ±°o. 

7. Asymptotes: Find all the asymptotes of the graph and 
draw the asymptotes in a coordinate plane by using 
dashed lines. 

8. Graph: Start graphing by plotting the local extrema, 
inflection points, and intercepts. Then, using the rest 
of the information, complete the plot by joining the 
plotted points. 


What does EHospital’s Rule say? How do we know how 
many times to use it in a given problem? 

How can we use LHospital’s Rule if we have 
the indeterminate forms «> • 0 and oo — oo? 

What is the relation between the first derivative and the 
increasing and decreasing behavior of the function? 
Explain the difference between an absolute extremum 
and a local extremum. 

Define a critical point of a function. 

How can w'e determine that a critical point of a function 
is a maximum, a minimum, or neither? 

In what conditions does a function have both the 
absolute maximum and absolute minimum? 

Discuss the significance of the sign of the second 
derivative. 

What is an inflection point? 

What does a curve y = f(x) on which f ' < 0 and 
/" >0 look like? 

Let n be a positive integer. For what values of n does the 
function/(x) = x” have an inflection point at the origin? 
What are the relative advantages and disadvantages of 
the first and second derivative tests? 

Describe the procedure to solve optimization problems. 
What is an asymptote? 

How many different asymptotes are there? 

Give an example of a function whose graph has an 
oblique asymptote. 

Describe the procedure to plot the graph of a function 
When plotting the graph of a function, how do we kn. 
the behavior of the function at infinity? 
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, x 2 + x-2 

1. Fmd lim^-. 

x - 4.x + 3 



5. For what values of k is /(x) = x 3 + (fc + l)x 2 + 3x + 2 
always increasing? 

-6 < /e < 3 /t > 0 

-4 < /t < 0 -3 < k < 2 

Fi -4 < k < 2 


2. Find 


1-sin — 
lim-2. 

*-»* 71 - X 


1 



0 



-1 


6. Which of the following is a local extremum of 

/(x) = x 3 - 3x 2 + 3x + 1 ? 

A -6 B) -1 C 0 

M2 no extremum 


3 Find the interval on which/(x) = x 2 - 6.x + 2 is 
decreasing. 

(-co, 3) (-3, 3) (3, °o) 

(0, co) (-co, 6) 


for the graph of the 
function y = /(x)? 


/( 2 ) = 0 
/"(l) > 0 


is false y> 


\ A 


-2 -1 

Vi/ * 


= 0 


/"(-l) > 0 


AO) < o 


4. Find the maximum value of the function 

/(x) = e 41 -* 2 . 


1 


C <? 2 


,40 


8. Find the interval on which y = (x + 2) 3 is 
concave up. 


(-2, oo) (-oo, -2) 

(—°° , °°) 


(- 2 , 2 ) 


( 2 , co ) 














9. For what value of m does the polynomial 

P(x) = x 4 + x 3 + (m - l)x 2 have an Inflection 
point at x = -1? 

-3 -2-10 1 


13. Let x x and x 2 be the roots of the equation 
y = x 2 - (m + l)x + 2m - 1 = 0. Find the value 
of m that minimizes x, 2 + x 2 2 . 

0 1 - 12-2 


10. The graph of the derivative 


of the function 

y -f(x 

f(x) = x 3 + ax 2 + bx + 1 is 


given in the figure. 

\ 2 / 

Find a + b. 

\J/ X 

-l 



14. Find the point on the parabola y = : — that is 

3 ^ 

closest to the point (-—, 0). 






( 0 , 0 ) 


(- 1 , -) 

2 8 


(I 1) 
8 


17 11 


5 -17 -10 


11 Find the intersection point of the asymptotes of 
3-x 

y =-• 

x + 2 

(-2,3) (3,-1) (-2,-1) 

(2,1) (-1,3) 



12. Which of the following is true for the function 
/(x) = 2x' + 3x 2 + 12x + 4? 

/ has a local minimum at x = 0. 

n 2) < 0 

/is concave up on (-«>,—). 

2 

/ is always increasing. 

/ has a local maximum at x = -1. 


16. Which one of the following graphs could be the 
graph of y = x 4 - 2x 2 ? 


A 
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yfx — 1 

Find the value of the limit lim —- 

x 2 -1 


A < 0 


\ 


i 


D) 


1 


F i 


6. Given that fix) = a In x + fox 2 + x - 2 has a local 
minimum at x = 1 and a local maximum at 
x = 2, find a + b. 


A)-- l: -- -- D -- 

6 3 6 3 3 


2. Find the value of the limit lim ^' X + ^ 

*-*- e x + 3x 


A 3 


cl 


D) 


I. 1 


. Find the sum of the maximum and minimum 

•JQ _ ^ 

values of f(x ) =-— on the interval [-4, 1]. 


x — 3 


A — B - 
14 7 


Ci 1 


14 


8 

7 


3. Let / be an increasing function on the closed 
interval [-4, 4]. Which of the following is definitely 
true? 


' /( 3 ) > 0 
/'(l) < 0 


B /(-2) < 0 
1 /(2) </(-2) 
'■)/(-1) </(D 


4. If the function /(x) = 


x 2 + x 
x + a 


has a local extremum 


at x = 2, find a. 


•>§ 




C) -1 


-I 


F i 


8. Given that lim-—— = 2, find 1 
x-o x b 


A 0 


B 1 


e 2 


9. Which of the following is 
false for the graph of the 
function y = fix)? 


A f\ 2) = 0 
/(-l) = 0 


e 2 + 1 



f"& < 0 

D 

f'i i) > o 


/" < 0 


5. Find the local minimum value of f (x) = x + —. 


A) 1 


B 1 
2 


O 1 
4 


D)1 

4 


10 If x = a and y = b are the asymptotes of the graph 
x 2 + 3x + 2 


of fix) = 

A 1 B 2 


x 2 - 2x - 3 


, find a + b. 

C 3 D 4 


1- 5 
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11. Find the area of the largest 
rectangle that can be 
inscribed in a semicircle of 
radius 3. 



A 272 372 9 


)» 872 972 


15. Which of the following is 
the function whose graph 
is given in the figure? 

/(*) = (*+ l) 2 (x - 2) 
/(x) = (x + 1)(2 + x) 



/(x) = (x + 1)(2 -x) 


/(x) = (x + 1) 2 (2 -x) 


/(x) = (x - l) 2 (x - 2) 


Find the maximum possible area of a right 
triangle whose hypotenuse is 6 cm. 


36 h i 12 C 3 18 9 


13. Given the graph of the 
function /, find the slope of 
the tangent line to the 
graph of g(x) = x • /(x) at 
x = - 3. 

A) 3 B) -4 C -6 



DO K -3 



Given the graph of the derivative of a function /, 
what is the sum of the abscissa of inflection 
points of f? 


A) -9 B) -6 C 4 D) 7 16 


16. Which one of the following could be the graph of 


the function /(x) = 


2x , 
x 2 -1 



A 






































1. Find lim 

X— 


ln(2x 2 -1) 
sin(x-l) 


2 4 C 8 


16 


32 


2. Given that the function/(x) = x 4 ~ax A 4- bx 2 -2x + 3 
has a local minimum at the point (1,2), find a. 

-2 -IC O 1 2 


3 Find the interval on which y = xln x is increasing. 

(—°°, -e) (-e, 0) (l,e) 


D (-00 



e 


(—. °°) 
e 


5. Find m if the inflection point of the function 

1 2 

/(x) = —x 3 - x 2 + mx + — is on the parabola 
3 3 

y = x 2 - 2x + 3. 


2 E l 0 I> -1 -2 



The graph of the derivative of the function / is 
given in the figure. For what value of x does /have 
a local maximum? 


\ -5 B -4 -3 D) -2 -1 


7. At what point does the tangent to the graph 
f(pc ) = x 3 - 3x 2 - 4x - 5 have the smallest slope? 

A'i (-2,7) B. (-1, 1) C: (0,-5) 

D) (1,-11) F. (2,7) 


4. Let A(Xj, i/j) and B(x 2 , y 2 ) be the extremum 


points of y = 


x 2 +l 


. Find the distance between 


these points. 

75 275 375 


4V5 


3v'o 


8. The length of a line segment [AB] is 10 cm. Take a 
point C on [AB]. What should the value of | AC| so 
that | AC | 2 + | BC | is a minimum? 

1 „ 1 1 


I: j i D. i 

b 4 3 2 


E) 
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9. Which one of following could be the value of m if 
x 2 — l 

the function fix) = --- has no local extrema? 

mx + 3 

A) -2 B) -1 C 0 D) 2 E> 4 


14. A riglit cone is inscribed in a sphere of diameter 6 cm. 
What is the maximum possible volume of the cone? 


a: 


32k 

~T 


B) 


24k 


C) 


16k 


D) 


12k 


e 't 


10. The function /(jc) is a positive valued increasing 
function on the interval (a, b). Which one of the 
following functions is decreasing on the same 
interval? 


A f(x) 

D)x +f(x) 


B - 


/(*) 


FA 


1 

f\x) 


C fix) 


11. Given that y - 3x - 3 is an oblique asymptote of 

the graph of y = i m ~3)x ~4.v + l ^ g nc | m 
x + x - 3 

A) 3 hi 4 C)5 D) 6 F 7 


15. The graph of the derivative 
of a function / is given 
in the figure. Which 
of the following 
statements is false? 



c \ X 

V =/W 


f'(a) = 0 
B /"(O) = 0 

/has a local minimum at jc = a. 
f has a local maximum at x = d. 
/has a local maximum at x = 0. 


12. Which of the following is 
the function whose graph 
is given in the figure? 



A) y 


x + 1 


jc - 2.x - 3 


c y = 


JC + 1 


x 2 + 2 a + 3 


B) y = 


x-1 

x 2 -2x-3 


D y = 


JC + l 

jr + 3 


y = 


-l 

jc 2 - 2x - 3 


13. Let f(x) = (x - a)(x - b)(x - c) and a < b < c. 
Which one of the following statements is false? 

/'(a) > 0 f\b) <0 ( /'(c) > 0 

D /'(a) < 0 /'(c) < 0 


16. 


The graph of a function / 
is given in the figure. 
Which of the following 
could be the graph of 
its derivative? 
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ANSWERS TO EXERCISES 


EXERCISES 1.1 


1. a. 5 L -7 -2 -2 e . 0 — g. — 2. a. y = 2x + 5 b y = 3x y = 1 lx - 16 y = — x + 2 3. -2 

4 49 2 

1 6tc 

30; 40 -— 9; 11 7. rate of change of fuel consumption with respect to change in velocity if velocity 

9 

increases by 20 km/h, oil consumption decreases by 0.05 litres per hour x 10 ; 1 7x; 8 3 T ; 4 cos x; k 


9. a. 2x - 2 b. — 


- d. — , = 10. no;/'(8~) 11 does not exist 


(x -1) 2 2x7x 2\/3x +1 
12. -2, 0, 6 : discontinuity; 1, 3 : comer 13. no; discontinuity at x = 1 !4. does not exist 15 D, E, C, A, B 


16.-2 17. (-2, 8), (2, 8) 18. a 50 b. 60 19. a = 1, b = 6, c = 0 20.0 21 9.95 


EXERCISES 1.2 


2 j> 


l 


0 0 0 . -x 1 1 .6x~° 3 f. x 5 g. 0 h 0.21x -84x‘ 13 10x-3 k. 2x + 2 + -^ '= -16t' 5 + 9r - 2t 


*-2 


—U + — L= + — * —U - \= —3- 0 . X - 2. a. 15x 2 - 5 12x + 1 c -300x - 20 d. 4x 3 + 3x 2 - 1 


2 Vx 3 \[x? 5yJx* 2 \fx xVx x 2 x 2 2xVx 


5x 4 - 4x 3 + 9x 2 - 6x + 2 5t 2 +4t- 8 t 2 - — 9 2 h. --—^ *• n 0 \2 


i. j- ^ 


(2x + 4) 2 (2x +1) 2 ' (1 + 3x) 2 ' 2Vx(x 2 +1) 2 

X l~ 2x ~ - % 1. _ 3V3x + 2-Jx _ + 7 3 3 , a . 8 2 c .-9 1 .-^=-3 5. a. -1 b. 8 c. -8 8 

(x 2 +x + l) 2 2-Vx(3x-l) 2 2 Vx 

/JOy -k 1 O dy 

6. a. 6(3x - 1) 10x(x 2 + 2) 4 c 7(x 5 -3x 2 +6) 6 (5x 4 -6x) -3(x-2)^ - - . . -— — 


(5x 2 + 3x - 1) 3 7(4x 2 +1) 3 

g 3(Vx+T + Vx) 2 • (—*_+ — h. 4(x —1) 4 (4x + 1) j. (3x-l) 6 (18x + 29) y 405(x-3) 2 

2vx + l 2Vx § (2x+l) 5 8(x + 2) 4 


2x-l 


1. 3 + ^[2x 2 +(x 3 +l) 2 p[4x + 2(x 3 +l)3x 2 ] 7. -12 8. a. 8x + 4 b. 2x c. 


d. 


c. 


2(2x-l)(3x+l) \3x+l 4 

(2x- l)(x 2 -x-l) 

2(x 2 


-3x 2 


(x 3 -l) 2 


12 


: x) ^- a 9 - a - 6 b - i4(x +1} (i3x +1} c d ~ (2x-i)V2x-i io - a - i2 ° x - 18 


81 


— , — 384x-576 11. y = 7x - 5 12. ~—x + — 13. a. -xVx/(x)+ x 2 7xf(*) 

8(3x-l) 2 73x^1 25 50 2 










































b. 3x 2 [f(x )] 2 + 2x 3 f(x)f'(x) c — — x l- ^ d. 2 X /( X ) + /(*) +1 14 use the product rule twice 15. 

[/(*)] 2 2y[x 25 

0.2-0.2t 2 Q _3_ g J g(x)/z(x) Yg\x)h(x) + g(x)fe , (x))m(n(x)) -g(x)ft(x)m (rc(x))w (x) 

(t 2 + l ) 2 ’ 125 rn(n(x)) J (m(n(x))) 2 

19.-3+ 4^ 20.1 21. 22. (-1)"--^- 

4 2 x 1 



1 . a. 3e x b. Se 3 *' 1 c. 2xe lJ -’ d. -2eT 21 e. 2Tn2 £ (-Y In- g. e*3 x (ln3 + 1 ) h. e*(x + 1 ) i. 2x + 2 e' — \ k —£=—» 

3^ 3 • (e T -1 ) 2 2-JF^l 


100(e l + x)"(e T + 1) m. 


-e 


2(e x + Tyje'+l 


n. 2xe* + 4e 2x + e x - 1 0 . -—-— p - j q. ~ r 


- X Vx—1 

g>/x+l gVx+1 


3 2x 2 2 yfx Vx(Vx +1) 2 


* 6 Mn 6 + 3 t ln3 + 18 I ln2 .. 0 *“ + 4 x ,„ 0 ^ . (3• 5 3x+1 • ln 5 )(x 2 +e x )-(2x + e*)5 3x+1 


s. 2xe (1 + x 2 ) t. 


(3 X + 1) 2 


u. 2 , " + 4x ln2 (2x + 4) v. 


(x 2 + e x ) 2 


w. 


V5* '*' 1 ( 2 x- 1)1iW5x. 2?* 2 -3*(eTn 2 + In3) 2 . a. - b. - c. - d. —— e. - f. J_ g. -i— h. —L- L 


x x x 2x + l x 2x xln3 x i n i. lnlO 


2 x . Sx — 61 2 1 . 1 \ 1 x "I - 1 

j. 2 k ————— L —-——— m. ——- n. x(21nx+l) o. — j=^ p. - 1- q. 


(x 2 +1)In2 4x 2 - 6x + 3 (l-x)(x + l) x 2 -1 


Win? 'lx-j\nx + x -Jx(-Jx -!) 


r. 2£zl s . t-finx+lll. 2x-i-tf-x)ln(x ; -.t) u 


X —X 


V. _ 1 _ W. 1 


- --r-- I — 

e*(x -x) x + 1 x-2 x —1 x(x + l)lnlO vx(l-x)ln3 


X 3(«--log l x*A «*—h * f;‘ 0g, - e - , ^qogd-^O) 8 3 . a. (^ + «fEl K (2x-l)V-3)") 

*ln2 2-y/x 2 -log 3 e x l + e x 2x-l x -3 


■ A 1 2x . . . . , 2 .. .2 . 6 x 2 -2. VxV 1 *' 1 j r 3x 2x .'[4 + 3x 2 

(-+—rr +_ rr t)(*(* + 1 )(* +i» c - (—+ 2 x— 3 —)- 1 —- 5 - a. ( 2 - , ) rr —- - 

x x + 1 x +1 3x x -x (x -x) 4 + 3x 3x +3 ^/ x +1 


e. f. (lnx + ^-i^-lOnx)'” 1 4. 2 / = 2x - 1 5. y - 2 6. y = x - 1 7. a. 3cos(3x - 5) b -2xsin(x 2 - 1) 

2 Vx x 

c, cos x + sin x sec 2 x(2 + sin x) c. sin x(sec 2 x + 1) f. -cos x + 2tan x + 2xsec 2 x + xsin x 
£• -2cos(2x 3 -3x)sin(2x 3 -3x) *(6x 2 -3) h. -6sin 2 (lncos2x)cos(lncos2x)tan2x ~ s i n x _ e 3 csc 2 x 


20 sin x(l-cosx ) 9 , __cosx(cosx + sin 2 x+l) ^ 


1-cosx n9 2sinx 


(cos x + 1 ) 


sin x(cosx + l) 


-) 


1 + cosx (1 + cosx) 


m. 


(2x -1) sec 2 Vx 2 —x —1 
2y/x 2 — x — 1 
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n.9x * 2 cotV-l)cscV-l) o. 3 ( - tan ( 2 x ~ 1 ) ) 2 . 2 W( 2 x - 1 ) - (2 + In x) -tan( 2 x - 1 ) 


x (2 + In x) 


2 + In x 

2((1 + x)cos e')(cos e x - (1 + x)sin e') q. 2 (e sini+cos ' + x cos e')(e 
2 (cos 2 x-sin 2 x-l) 


,x\ /-sin .t + cos x 


(cos x - sin x) + cos e x - xe* sin e x ) 


(sin 2 x + l)(l -cos 2 x) 


s 5(x 2 sin(x-l)) 4 (2xsin(x -1) + x 2 cos(x - 1 )) ' 


( 2 x 4 - 6 x 2 )sec 2 


-tan 


x 2 -1 x 2 -1 


(x 2 -!) 2 


4tan(ln(2x+l))sec 2 (ln(2x+l)) v 0 3 e x - In x t e T -lnx (xe 1 -l)(x 2 -1) ~(e x -lnx)2x 2 

^71 sc 7^T' C0 77^1 

xy = x + lb. y =-x ±— + 2 nk keZ a. 0 b. c. 2 d. 0 5 a - b. —^— c. 3 ' X + 2x —— d. — 

3, 3 4 1 — x x x 

C. _2f t . _2£+5£ h y^-exy t 1-e^ y-x£ xy . x . 3 hy-x c. y = 0 

3 y 5x + 3y- -x + 3x 2 y 2 4 xy 2 -xjqj e 2 " + l x 2 y + x 


, .. _ 1 2t-2 u r+1 2 f+ 3 

d y = x — .a.- d. -5 -c, —-- 

e 3 t 2 (2t + l) 3t 2 - 2f 


d. (4t + 6)Vt+I e. -^=f f. 4cott K- - 


1 


b. 


r 4 

x 2 +l 


u 4 17 6(t 2 - i -1) u 6 _ t + 1 

! a = — x- -, — b. — c. ——— 0 a , -_ 

3 3 (2t 1) t 2 t~e A >/4 — x 2 yj-x 6 + 3x 4 - x 2 


£ + 1 

_1_ 

V77 2 


a. y = x - 1 
- x 4 - Arcsin x 


d. - 


_ 0 _ A _i__ _ 

Arccos e x Vl - e 2 * 1 + (x 2 + x - 1 )' 1 + x 2 Vl-x 2 -v/2 cos 4 x-cos 2 x ^363 


2x 4 - 1 P 1 x 1 

; --+ , & 


y[3x + n s/3 


. sinx -2 89 cos2x c.-35sinx - xcosx d. 3 5 I e lt + l a ~ b. —^4—4 c - 2 ^ 2 ^ d. 2yfy 

x 2 16j/ 7 2, 2 (x + 2 t /) 3 ^ + 

y — 2x-2 — b. — c. 5 -secrx 48 (- 00 , 0)\{—1} 2 2 

5 K-yJ2 


EXERCISES 2.1 


I, a. 0 b. — c — (i -3 e. — f. -1 g. 3 h. i. —— j. _2_\/7 k. — i. cosa m. 2 n. -1 o. In— p. -— q. 
6 2 2 6 5 48 9 6 7 * 4 

— t. — 2 a. 0 b. -1 c. 1 d. 1 e. 0 00 g. — h. 0 i. — j. — a. — b. 1 c 1 d. 0 e. 0 f. g. Oh- 

34 23 33 n 2 



EXERCISES 2.2 


a. increasing: (-°°, -2) and (0, 2): decreasing: (-2, 0) and (2, <») increasing: (-°°, -3); decreasing: (-3, 0) and (0, °°) 
decreasing: (-«>, °°) b. increasing: ( 0 , =»); decreasing: 0 ) c. increasing: (-«■, 2 ); decreasing: ( 2 , «>) 
























































d. increasing: (- 00 , 00 ) e. increasing: (-<> 0 , 0 ) and ( 4 , °°); decreasing: (0, 4) f. increasing: (-2, 0) and (1, ©©); decreasing: 
(- 00 , - 2 ) and ( 0 , 1 ) g. increasing: (- 00 , 2 ) and ( 2 , °o) h. increasing: ( 0 , °°); decreasing: (-©o, 0 ) increasing: (-^° 0 ) 
and (10, ©©); decreasing: (0, 10) j. increasing: (-©©, ©©) ] decreasing: (-©©, 5) and (5, ©©) increasing: (2, ©©); decreasing: 
(-°°, 2) m. increasing: (0, Ve); decreasing: (ve, oo) i increasing:- \-2nk— + 2nk ,fe e Z ; decreasing: 


— + 27tk: — + 2 nk 


6 


6 6 

7C D7I 

,fee Z k. increasing: (-©©, log^) and (0, ©©); decreasing: (log 05 3, 0) (—, —) 


1 


f\x) =- 5 - >0 for all x, so/is increasing -2 <m <2 l<a<4 l<a<3 -8 a. decreasing 

1 + x 

b. increasing c. decreasing d. increasing a. decreasing b. increasing c. increasing local max.: x 2 , x 4 , x 6 ; 
local min.: x 3 , x 5 , x 7 , x 6 ; absolute max.: x 6 ; absolute min.: x v a. no critical point b. 0, -2 c. -1 -1 

a. f'(a) = f'(b ) = f'(c) = 0, f'(d) and f'(e) do not exist. local max.: a, d; local min.: b\ neither: c, e 

a. min.: x = -4 b. max.: x = 1; min.: x = -1 c. no local extrema d. min.: x = -3, x = 1; max.: x = -1 e no local 
extrema min.: x = -2 g. max.: x = 0; min.: x = -2, x = 2 h min.: x = -3 min.: x =1 


• 7n _ 7 11 n ~ , n , 7 7 _ 

J mm.:x =—+2 nk, x=-f- 2 nk; max.:x = —+nk, keZ 

6 6 2 


6 a = 2,b=-4 17.fe = 4 a = --,b = -6 

2 


-2c m - -3 ab < 0 -1 < ra < 0 max.: x = -2, x = 7; min.: x = 3 _ a. f . = 1, f =3 

/min = -9. /max = 0 c. / min = -88, / max = -7 d. / min =19, / max = 30 e. / mii _ _3, / max = 9 - 4n/3 

f - /min = -255, / max = 1 g. / Imn = o, / max = 20 h. / mjn = 75 , = 3 i. / niin = 0, / max = | j. / niin = 0, / nm = 3 

- /min / /max “ ^ '■ / m in = 0, / maj! = 4 HI. / min = 1, / max = — /min = - / /max = 3 24 2 a = - —, b =-3 

72 .a. increasing: (-2, ©©); decreasing: (-©©, -2) b. min.: x = -2 

. a. increasing: (-©o, -A) and (4, 6); decreasing: (■-4, 4) and (6, °°); 
b. min.: x = 4; max.: x = —4, x = 6 x = 2 
(-oo, 6] u [16, oo) a > 3 


EXERCISES 2.3 


a. positive: ( 0 , oo); negative: (-©o, 0 ) b positive: (“°°> -3), (-3, -1), (2, oo); negative: (-1, 2) a. concave up: (—oo, oo), 

no inflection point b. concave down: (“©©, ©©), no inflection point c. concave up: (-—, oo), concave down: (-oo, - —), 

o 3 

inflection point x = d. concave up: ( 1 , oo), concave down: (-oo, 1 ), inflection point: x = 1 e. concave up*. 

3 

5 5 5 

(-oo, 1 ), (—,©©), concave down: ( 1 , —), inflection points: x = 1 and x = — f. concave up: (-oo, - 2 ), ( 2 , oo), 

3 3 3 

concave down: (- 2 , 2 ) inflection points: x = -2 and x = 2 g. concave up: (- 1 , 0 ), ( 1 , ©©), concave down: (-©©, - 1 ), ( 0 . 1 
inflection points: x = -1, x = 0 , x = 1 . h. concave up: (-©©, 0 ), ( 0 , ©o), no inflection point 












concave down: (- 1 , <*>), no inflection point concave up: (5, «>), concave down: (-«>, 5), inflection point: x = 5 
concave up.: (0, <»), concave down: (-oo, 0), inflection point x = 0 I concave up: (1, 2), concave down: (2, 3), 
inflection poj/it x = 2 m. concave up: (27cfe, n + 2tc/?V roncavp down: ( 7 c 4 2nk, 2 k 4- 2nk), inflection point 
x = 7 C 4- nk, k e Ys a = 6 , b = 0 (-1, -19) 5. (1, ^-) 6 . (— > e* 72 ) concave up: (-1, 3), concave down: 

(_oo -l) } ( 3 ? 00 ) ? inflection points: x = -1, x = 3 8. a minimum b. maximum c minimum minimum 

max.: x = -3, min.: x = -1 b. max : x = min : x = 0, x= c max.: x = 0, min.: x = 4 

/ 2 2 

min.: x = -3 e. max.: x = 0 po extremum 


10 . 



11. consider the second derivative off(x) = ax 3 4 bx 2 4- cx 4 d 2. consider the second 
derivative of/(x) = ax* 1 4- bx 3 4- cx 2 4- dx 4- e 13. y = -x 4- 3 14. a = -1, b = 0, c = 3 


15. c = 2 16. 2/'(a) -/(a) 


EXERCISES 2.4 


15 and 15 2. -2 and 2 3. 50 4. 2^ 5 . m = 1 6 . 50 m by 50 ra 7. 30 m by 60 m 8 . cm 3 9. 2, 2 and 1 m 

'0. 3888 cm 3 11. -^L m 12. 250 13. 2R 2 14. 2v£ 15. ( 1 , 0) 16. 24 17. y = 2^2 18. 13 19. r = 2 cm, ft = -cm 
•v xc 3 

20. 1 hour 21. 9 


EXERCISES 2.5 


x = -1, y = 0 b. x = 1, y = 0 c. no asymptotes d, x = 4, y = -3 e. x = -3, y = 0 x = ± 1 , 7 / = -1 

3 3 4 1 

x = -3, y = 1 x = —, x = -3, y i. x = 6, x = -1, 2 / = 0 . y = x k. x = 1, 7 / = x 4 3 - , — 




















































d. 



y> 



X 



X 



10. 1 solution if a e (- 00 , -4) u (23, °°), 2 solutions if a e (-4, 23}, 
3 solutions if a e (-4, 23) 




1. C 9. E 

2. D 10. C 

3. A 11. A 

4. E 12. B 

5. C 13. A 

6. D 14. D 

7. C 15. C 

8. A 16. D 



1. B 9. B 

2. C 10. C 

3. A 11. C 

4. D 12. D 

5. E 13. B 

6. E 14. A 

7. D 15. D 

8. A 16. E 



1. C 9. A 

2. D 10. E 

3. C 11. E 

4. B 12. A 

5. B 13. E 

6. A 14. C 

7. A 15. A 

8. E 16. B 



1. E 9. E 

2. B 10. D 

3. E 11. C 

4. D 12. E 

5. B 13. A 

6. A 14. C 

7. A 15. D 

8. D 16. B 


7ES T lc 


1. E 9. D 

2. C 10. E 

3. E 11. B 

4. B 12. D 

5. C 13. B 

6. D 14. D 

7. C 15. A 

8. E 16. B 



1. B 9. E 

2. E 10. E 

3. E 11. D 

4. B 12. B 

5. A 13. E 

6. D 14. A 

7. D 15. E 

8. D 16. A 



/ 




































r 


absolute maximum : the greatest value of a function on its 
domain. 

; absolute minimum : the smallest value of a function on its 
domain. 

asymptote: a line that a curve approaches more and more 
closely until the distance between the curve and the line 
almost vanishes. 

C 

concave down: (of a curve on an interval) having a 
decreasing derivative as the independent variable increases. 
concave up: (of a curve on an interval) having an increasing 
derivative as the independent variable increases. 
constant function: a function whose image set is of a unique 
element. 

continuity at a point: equality of the value of a function and 
the limit of the function at a point. 
continuous function: a function whose graph has no breaks. 
critical point: a point on the graph of f where f \x ) = 0 or 
/'(x) does not exist. 

D 

decreasing function: a function whose values decrease as 
the independent variable increases, or vice-versa. 

| differentiable junction: a function which has a derivative at 
I a given point. 

| differentiation: finding the derivative of a function. 

; discontinuous function: a function whose graph has a break. 
domain of a function: the set of real numbers for which the 
function is defined. 

double root: one of a pair of equal roots of the same 
polynomial or equation. 

extremum of a function: maximum or minimum value of 
the function. 


r 


! implicit junction: a function defined by an equation of the 
; form/(x, y) = 0. 

increasing junction: a function whose values increase as 
the independent variable increases, or vice-versa. 
indeterminate form: a form for which function is not 
defined in real numbers even the limit exists. 
inflection point: a point on the graph of/where f"(x) = 0 
or f"(x) does not exist. 

interval: a set containing all real numbers, called the 
endpoints. A closed interval includes the endpoints, but an 
open interval does not. 


left-hand derivative : the limit of a difference quotient 

^ + - as h approaches zero from the left. 

h 

VHospitaVs rule : a rule permitting the evaluation of the 
limit of an indeterminate quotient of functions. 
local maximum: the greatest value of a function on an interval. 
local minimum : the smallest value of a function on an 
interval. 

N 

normal line to a curve : a line perpendicular to a tangent of 
the curve at the point of tangency. 


parabola: the graph of a quadratic function. 

parametric junction: a function in which coordinates are 

each expressed in terms of parameters. 

polynomial junction: a function of the form 

a n x n + a^x”" 1 + ... + a Y x + a 0 , where n is a positive 

integer and a n * 0. 

C 

quotient: the ratio of two numbers or quantities. 

p 

rational junction: a function of the form ^ where P(x) 
and Q(x) are polynomials. ^ ^ 

right-hand derivative: the limit of a difference quotient 

f(x + h)-f(x) as ^ approaches zero from the right. 
h 


secant line to a curve: a line that intersects the curve at two 
or more points. 

slope of a line: a number measuring the steepness of the 
line relative to the x-axis. 

T 

tangent line to a curve: a line that touches the curve at 
exactly one point. 

x-intercept: the value of x at a point where a graph 
crosses the x-axis. 

r 

y-intercept: the value of y at a point where a graph 
crosses the y- axis. 
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